The ?y— invariant, Maslov index, and spectral flow for 
Dirac— type operators on manifolds with boundary 

Paul Kirk and Matthias Lesch 

Abstract. Several proofs have been published of the modZ gluing formula for the 
^-invariant of a Dirac operator. However, so far the integer contribution to the gluing 
formula for the 77-invariant is left obscure in the literature. In this article we present 
a gluing formula for the 77-invariant which expresses the integer contribution as a 
triple index involving the boundary conditions and the Calderon projectors of the two 
parts of the decomposition. The main ingredients of our presentation are the Scott- 
Wojciechowski theorem for the determinant of a Dirac operator on a manifold with 
boundary and the approach of Briining-Lesch to the mod Z gluing formula. 

Our presentation includes careful constructions of the Maslov index and triple 
index in a symplectic Hilbert space. As a byproduct we give intuitively appealing 
proofs of two theorems of Nicolaescu on the spectral flow of Dirac operators. 

As an application of our methods, we carry out a detailed analysis of the 77- 
invariant of the odd signature operator coupled to a flat connection using adiabatic 
methods. This is used to extend the definition of the Atiyah-Patodi-Singer p-invariant 
to manifolds with boundary. We derive a "non-additivity" formula for the Atiyah- 
Patodi-Singer p-invariant and relate it to Wall's non-additivity formula for the sig- 
nature of even-dimensional manifolds. 
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1. Introduction 

An intriguing feature of certain spectral invariants is that they behave nicely with 
respect to cutting and pasting. Such a feature has several advantages, in particular with 
respect to computations. For example, the index of a Dirac operator behaves additively 
with respect to gluing of manifolds. This is not surprising due to the locality of the 
index. For higher spectral invariants (e.g. analytic torsion and the ^-invariant) cutting 
and pasting properties came as a surprise and proofs are nontrivial. The gluing formula 
for the //-invariant has a long history (cf. @ for a historical account). Basically, there 
are four different types of proof due to Bunke Wojciechowski |33|, |34j], Miiller p5 



and Briining and Lesch 0. Bunke's argument was simplified and generalized by Dai 



and Freed [12 



While the articles [|3l|, |34| , |25| , |12|| contain proofs of the gluing formula only in 
R/Z, the original formula of Bunke [§] offers a formula for the integer contribution 
in terms of indices of certain projections. Unfortunately, these projections are not 
intrinsically defined and therefore Bunke's formula is difficult to work with. In it is 
shown (though not explicitly stated) that the integer contribution can be expressed as 
the spectral flow of a naturally defined family of self-adjoint operators. 

In the current paper we present another formula for the integer contribution in 
terms of Calderon projectors. This is very satisfactory from a theoretical point of view 
since all ingredients of the formula are defined intrinsically. Moreover, using adiabatic 
techniques our formula can be made rather explicit; we carry out a detailed analysis 
for the odd signature operator. 

Given an appropriate orthogonal projection P in the Hilbert space of sections over 
the boundary, the domain of a Dirac operator D can be restricted to those sections 
whose restriction to the boundary lie in the kernel of P. Denote the resulting operator 
Dp. The self-adjoint Fredholm Grassmannian Gr(v4) (see Definition [2.1|) consists of 
those projections P so that Dp is a self-adjoint discrete Fredholm operator. It contains a 
distinguished element, namely the Calderon projector for the Dirac operator D. Denote 
by rj the reduced 77-invariant, rj(D) = (rj(D) + dimkerD)/2. Our main result is the 
following. (See Theorem 511, Theorem |7.4| , and Lemma |5.1| .) 



Theorem. Let D be a Dirac operator on the closed manifold M and let N c M 
split M into M + and M~ . Assume that D is in product form D = + A) in a collar 
of N, with A self-adjoint. Let P e Gr(A) and let P t be a smooth path in Gi{A) from 
P to the Calderon projector Pm+ for D acting on M + . Then 

77P, M) = rj(D P , M+) + viDj-P, AT) + SF(D Pt , M + ) tem + SF( J D / _ Pt , M~) tem 
= 7}(D P , M + ) + v(D!- P , M~) - r„(J - P M -,P, P M+ ). 
In particular, taking P = Pm+, 

tj(D, M) = v(D Pm+ , M + ) + v(Dj. Pm+ , M~). 

In these formulas SF denotes the spectral flow, and r M refers to a Maslov triple index 
we define for appropriate triples of projections. We also prove a more general formula, 
Theorem |5.10| , which holds for any boundary conditions (P, Q), rather than the special 



case (P,I -P). 
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It is well-known that spectral flow and 77-invariants are intimately related. It is 
therefore an interesting feature of our approach that it can be used to give new and 
conceptually simple proofs of Nicolaescu's formulas for the spectral flow of a family of 
Dirac operators ||26|| . (See Theorems [7]5] and f^6j ) 



For purposes of computation it is usually convenient to use the positive spec- 
tral projection of the tangential operator, P + , rather than the Calderon projec- 
tor as boundary conditions. According to our theorem this requires computing 
SF(D Pt , M + )i G [ 0i i] + SF(Di_p t , M~)t e [o,i] where P t is a path starting at P + and ending 
at the Calderon projector. In favorable circumstances, such a path (actually its reverse) 
is obtained by stretching the collar neighborhood of the separating hypersurface. More 
precisely, replacing M + by M + U (N x [— r, 0]) gives a continuous path (as r — > 00) 
of projections starting at the Calderon projector and limiting essentially to P + . This 
gives a method to obtain computationally useful splitting formulas, and sheds light on 
the mechanism of adiabatic stretching. 

We carry out this analysis in detail in Section |^ for the odd signature operator. 
Given a flat connection with holonomy a over an odd-dimensional manifold, we take D 
to be the odd signature operator in the corresponding flat bundle. The adiabatic limit 
of the Calderon projectors for D as the collar is stretched is identified in Theorem 



We use this identification along with the topological invariance of the kernel of D to 
establish the formula (cf. (|8.32 )): 



V (D, M) = V (D P+{v+ a) , M + ) + 77(D P - ( y_ ia) , AT) + m(V+, a , V-, a , a, g). 

In this expression V±, a = imH*(M ± ;Cl) -> H*(N;C£), and m(V +ja , V_ a , a, g) is 
a real-valued symplectic invariant which depends only on the subspaces V± )Q . C 
H*(N;C™) and a choice of Riemannian metric on the separating hypersurface N. 
The projections P ± {V± ya ) are the sum of the positive/negative spectral projections 
of the tangential operator and the finite-dimensional projection to V± a . In particular 
if H*(N; C") = the formula simplifies to 

Tj(D, M) = rj(D P +, M + ) + Tj(Dp-,M~). 

These formulae motivate a definition for the p-invariant of a manifold with bound- 
ary, p(X, a, g) (Definition |8.17| ), which is shown to depend only on the smooth structure 
of X, the conjugacy class of the representation a, and the choice of Riemannian met- 
ric g on dX. We then prove the following theorem, and discuss its relation to Wall's 
non-additivity theorem ||32|| for the signature of even-dimensional manifolds. 



Theorem [8.18 . Suppose the closed, odd-dimensional manifold M contains a hyper- 



surface N separating M into M + and M~ . Fix a Riemannian metric g on N . Suppose 
that a : tti(M) — > U(n) is a representation, and let r : ttx(M) — > U(n) denote the trivial 
representation. Then 

p{M,a) = p(M + ,a,g) + p{M~ , a, g) + m(V +>a ,V„ a , a, g) - m(V +:T , K_ T , a, g). 
The paper is organized as follows: 

In Section ||] we review the basic facts about Dirac operators on manifolds with 
boundary and the Grassmannian of their boundary value problems. 
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In Section [5] we introduce the //-invariant and review its basic features. Using 
the Scott- Wojciechowski Theorem |30| we prove in Section |] a formula describing the 
dependence on the choice of boundary condition of the //-invariant of a Dirac operator 
on a manifold with boundary (Theorem |4.4j ). 

Section [5] deals with splittings of manifolds. We prove a result on the behavior of the 
spectral flow under splittings (Corollary |5.6|) and the gluing formula for the //-invariant 
(Theorem j5.10|) . 



Section |] contains careful constructions of various forms of the Maslov index for 
families of self-adjoint projections in a Hermitian symplectic Hilbert space. Conventions 
must be set to deal with degenerate situations when defining symplectic invariants, and 
we carefully construct the various invariants consistently and in such a way that they 
match our choice of convention for the spectral flow. 

A byproduct of our considerations are new proofs of (generalizations of) two the- 
orems by Nicolaescu ||26|| identifying the spectral flow of a family of Dirac operators 



with a Maslov index involving the Calderon projectors and boundary conditions. These 



results (Theorem |7[5| for manifolds with boundary and Theorem [7.6| for split manifolds), 
together with an improvement (Theorem |7.7| ) of our gluing formula for the //-invariant 
which allows more general boundary conditions, are presented in Section 0. 

Finally, in Section ^ we apply our splitting results for the //-invariant to the special 
case of the odd signature operator coupled to a flat connection. By making use of the 
method of adiabatic stretching of the collar of a separating hypersurface and the fact 
that the dimension of the kernels of these operators are topological, i.e. independent 
of the Riemannian metric, we obtain a splitting formula for the Atiyah-Patodi-Singer 
p a invariant. The main tool introduced in this section is Theorem |S.5| , which gives a 
precise identification of the adiabatic limit of the Calderon projectors in this setting. 
We end the paper with an examination of the role adiabatic stretching plays in addition 
formulas for the //-invariants of general Dirac operators. 

2. Dirac operators on manifolds with boundary and the self— adjoint 

Fredholm Grassmannian 

We begin by describing the set-up of Dirac operators on a manifold with boundary. 

Let X denote a compact smooth Riemannian manifold with boundary dX. We 
fix an identification of a neighborhood of dX in X with dX x [0, e). Let E — > X 
be a complex Hermitian vector bundle and suppose that D : C 00 {E) — ► C°°(E) is 
a symmetric Dirac operator, i.e. a symmetric first-order operator whose square is a 
generalized Laplacian (the square of the leading symbol of D is scalar and given by the 
metric tensor). The symmetry is measured with respect to the L 2 inner product; thus 
we assume that if 0i, 02 £ C°°(E) are supported in the interior of X then 



/ {D(j) U (j) 2 ) E Jx = \ (<pi,D(p 2 ) Ex dx. 
J x J x 



A Dirac operator satisfies the unique continuation property ||. 

In this paper we will deal only with the product case, i.e. we assume that the 

£ + A), where 7 : E\ dx -> E\ dx 



restriction of D to the collar takes the form D = j(4- + A), where 7 : E\qx — ► E 
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is a bundle endomorphism and A : C°°(E\q X ) — > C°°(E\q X ) is a first-order self-adjoint 
elliptic differential operator on the closed manifold dX (called the tangential operator) 
satisfying 

7 2 = -I, 7* = -7, and yA = -Ay. (2.1) 

Note that A is assumed to be independent of x for x G [0, e). 

The operator D : C°°(E) — > C°°(E) can be extended to an unbounded self-adjoint 
operator on L 2 (E) by imposing appropriate boundary conditions. Since £) is a first 
order operator, it can be extended to a bounded operator H\{E) — > L 2 (E), where 
H S (E) denotes the Sobolev space of sections of E with s derivatives in L 2 . Given 
an orthogonal projection P : L 2 (E\q X ) — * L 2 (E\q X ) define D P to be D acting on the 
domain 

@(p P ) := {0 G L 2 (E) I G H\(E) and P(0| 9 x) = 0} C L 2 (P). 

We will consider the operators Dp for a certain class of projections P which we now 
introduce. Let 

P >0 :L 2 (E ]dx )^L 2 (E ldx ) 

denote the positive spectral projection for the self-adjoint tangential operator A : 
C°°(E ldx ) -> C°°(E\gx); thus if {^ A } is a basis of L 2 (E\ dx ) with Aip x = then 

Definition 2.1. Define the self-adjoint Fredholm Grassmannian Gi{A) to be the 
set of maps P : L 2 (E\q X ) — ► L 2 (E\q X ) so that 

(1) P is pseudo-differential of order 0, 

(2) P = P*,P 2 = P, i.e. P is an orthogonal projection, 

(3) 7P7* = / - P, 

(4) (P>o, P) form a Fredholm pair, that is, 

P >0 | im p : imP -> imP >0 

is Fredholm. 

The Grassmannian Gr(A) is topologized using the norm topology on bounded op- 
erators. 

Remark 2.2. 

1. We note that a P G Gr(A) also acts as a (non-orthogonal) projection in the 
Sobolev space H S (E) for all s£R. This follows from (p. 

2. We obtain the same Grassmannian if we replace P>o in (Q) by any pseudo- 
differential orthogonal projection Q such that P>o — Q is smoothing. This follows 
immediately from the following general fact: 

Let P, Q, R be orthogonal projections in the Hilbert space H such 
that Q — R is compact. Then (P, Q) is a Fredholm pair if and only if 
(P, P) is a Fredholm pair. 
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This fact can be seen as follows: by |3L Prop. 3.1] (P,Q) is Fredholm if and 
only if ±1 spec ess (P — Q). Since Q — R is compact this is equivalent to 
±1 ^ spec ess (P — R). Applying again |$], Prop. 3.1] the latter is the case if and 
only if (P, R) is Fredholm. 

If P G Gr(A), then Dp is self-adjoint, Fredholm, and has compact resolvent; in 
particular its spectrum is discrete and each eigenvalue has finite multiplicity. These 
facts follow since (P, P) is a well-posed boundary value problem in the sense of R. T. 



Seeley [31 1 . A general reference for boundary value problems for Dirac type operators 
is the monograph [Q. A different approach is presented in [||, §]. 

It will be necessary to consider a more restricted class of projections, those that 
differ from P>o by a smoothing operator. Define Gr OC) (A) C Gr(A) by 

Groo(A) = {?G Gr(A) \ P - P >0 is a smoothing operator}. (2.2) 

Again, in (|2.2| ) we can replace P>o by any pseudo-differential orthogonal projection Q 
such that P >0 — Q is smoothing. 

The projection P >0 does not lie in Gr(A) unless ker A = 0, since the third condition 
does not hold for P = P >0 if ker A ^ 0. It is convenient to specify a finite rank 
perturbation of P>o which does lie in Gr(A). 

Notice that 7 leaves ker A invariant. It is well-known that since (dX, A) "bounds" 
(X, D) , the i and —i eigenspaces of 7 acting on ker A have the same dimension ||27| , 
Chap. XVII]. This implies that there are subspaces L C ker A satisfying j(L) = 
L 1 - PI ker A (such subspaces are called Lagrangian subspaces; see Definition pT8[ below). 
Given a Lagrangian subspace L C ker A define 

P+(L) =proj L + P >0 . (2.3) 

Then P + (L) differs from P>o by the projection onto L, a subspace of ker A, which con- 
sists only of smooth functions. Since P>o is a 0th order pseudo-differential projection, 
so is P + (L). It is straightforward to check that P + (L) 6 Gr^A). 

We call P + {L) the Atiyah-Patodi-Singer projection corresponding to the La- 
grangian subspace L. Notice that P + (L) depends only on the tangential operator 
A and the choice of L; in particular it is unchanged if D is altered in the interior of X. 



There is a canonical projection in Gr(A) determined by the operator D which will 
play a special role in what follows, namely the Calderon projector Px- It is defined as 
the orthogonal projection onto the Cauchy data space 

L x := r (kerP : H 1/2 (E) — > H_ 1/2 (E)) C L 2 (E ]dx ). (2.4) 

Here r denotes the restriction to the boundary. The trace operator r is a priori only 
defined on H S (E) for s > 1/2 but one can show that r defines a bounded map from the 
Pi/2-kernel of D into L 2 (E\qx) (see || for a proof). 

The Calderon projector Px = proj Lx lies in Gr 00(A) [ p9| , Prop. 2.2], |T7], Prop. 
4.1]. The unique continuation property for D implies that 

r : (kerP : H 1/2 (E) — > P-i/ 2 (P)) — > L 2 {E\ dx ) 
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is injective, so that to any vector x in the image of Px we can assign a unique solution 
to D(f) = on X with <fi G P1/2 and r(4>) = x. This makes it possible to identify the 
kernel of D with boundary condition given by a projection P and the intersection of 
the Cauchy data space with the kernel of P, as in the following lemma. 

Lemma 2.3. Let P g Gr(A). Then 

ker P\ i m p x = im Px H ker P = 7(ker Py) H ker P 

and i/iis space is isomorphic to the kernel of Dp. Thus Dp is invertible if and only if 
imPx H kerP = 0. In particular Dp x is invertible. 

Proof. If G kerP, then by definition the restriction of <fi to the boundary of X 
lies in the image of the Calderon projector Px- In particular, if G kerPp, then the 
restriction of <fi to the boundary lies in the intersection of kerP and the image of Px- 
The unique continuation property for D implies that this intersection is exactly the 
kernel of Dp, i.e. the kernel of Dp is isomorphic to ker P^p^. 

As a discrete self-adjoint operator, Dp is invertible if and only if kerPp = {0}. 
Moreover, Px is a self-adjoint projection satisfying the equation ■yPx'J = —(I — Px)- 
Thus imPx = ker(7 — Px) = 7(ker Px)- Q 

In a rough sense the Atiyah-Patodi-Singer projection P + (L) and the Calderon 
projector P x are opposites: P + (L) is determined entirely by the boundary data, i.e. 
the tangential operator A acting on dX (and the choice of L), whereas Px depends on 
all of X and D. 



For future reference we note the following special case of a result due to K. Woj- 
ciechowski. 

Proposition 2.4. The Grassmannians Gt(A),Gt 00 (A) are path connected. For a 
fixed P G Groo(^4) (resp. Gi(A)) the space {Q G Gtoo(A) \ keiQ R imP = 0} (resp. 
{Q G Gr(A) | ker Q H imP = 0}) is path connected. 



Remark 2.5. This result could also be proved using Proposition |6.5| below (resp 



its analog for pseudo-differential Grassmannians) and properties of the unitary group. 

Proof. The first statement is a special case of ||15| , Appendix B], where the ho- 
motopy groups of Groo(v4) and Gr(A) are computed. The path connectedness of 
{Q G Giooi^A) | ker Q D imP = 0} was proved in Proposition 5.1 of [30]. The path 



connectedness of {Q G Gr(A) | ker Q Him P = 0} can be proved along the same lines: 
if kerQ n imP = then \\Q - P|| < 1 and hence Q s := Z s PZ~ l ,U < s < 1, where 
Z s := I + s(Q — P)(2P — I), is a path in Gr(A) connecting P and Q (cf. e.g. Sec. 
3]). " ' □ 

Notice that Gr(^4) and Gr^A) can also be defined by replacing P>o by P + {L) or 
Px in the fourth condition defining Gr(A), and in ( [2.2|) . 
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We next discuss two alternative perspectives on the Grassmannian Gr(A), identify- 
ing this space with the space of certain unitary operators on a Hilbert space, and also 
with certain Lagrangian subspaces of a symplectic Hilbert space. 

The bundle endomorphism 7 : E\qx ~^ E\q X induces a decomposition of E\qx — 
Ei®E_i into the ±i eigenbundles and consequently we get a decomposition of L 2 (E\q X ) 
into the ±i eigenspaces, 

L 2 (E m ) = L 2 (Ei) © L 2 (£Li) =: % © (2.5) 

Given P G Gr(A), write 

p 1 (A B 



2\C D 

with respect to the decomposition fl2.5|) . Then P = P* implies C = B* . The conditions 
7P7* = I — P and 7* = —7 imply that A = D = I, and the condition P 2 = P implies 
that BB* = I = B*B. This proves the first part of the following lemma. 

Lemma 2.6. If P G Gr(A), then with respect to the decomposition ( |2.5|) , P can be 
written in the form 

P = l(i ^ (2-6) 



2 \T I 

where T is a Oth order pseudo-differential isometry from Si onto S-{. Conversely, given 
such an isometry T , then 

1 / j 

2 \T I 

is a pseudo-differential projection satisfying (fj) ; ([|) of Definition [2.1|. 
Given 

1// T*\ 5* 

2V TJ ; 2 / 

satisfying (HD, (H), @ 0/ Definition |2.1|, i/ien: 

(1) (P, Q) /orm a Fredholm pair if and only if — 1 G" spec ess T*5, 

(2) (P,Q) is invertible if and only if —I G" specT*^, 

(3) ker P fl imQ is canonically isomorphic to ker (I + T*S), 

(4) P — Q is smoothing if and only ifT*S — I is smoothing. 

In particular, if Q = P + (L) for some Lagrangian L C ker A, then P G Gr(A) if and 
only if-l& spec ess T*S . 

Proof. The first part was proved above. Since S*S = I = SS*, any element in 

L 2 (E\qx) — ^ © S-i can be written in the form (^g^j ^ or x iV ^ Since 



Q 



1 \ _ 1 / x + y 
Sy ~2\S(x + y) 
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it follows that imQ = { (^g^j I Thus the restriction of P to the image of Q 

is 

x\ If (I + T*S)x 
Sx) ~ 2 V T ( J + T*S)x y 

It follows that (P, Q) is Fredholm (i.e. P restricts to a Fredholm operator on the 
image of Q) if and only if / + T*S is Fredholm, which occurs precisely when —1 is not 
in the essential spectrum of T*S. Similarly (P, Q) is invertible (i.e. the restriction of 
P to the image of Q defines an isomorphism onto the image of P) if and only if —1 is 
not in the spectrum of T*S. The same argument also shows (3). 

Finally, since 

/ o T* — S* 
P ~ Q= \T-S 

P — Q is smoothing if and only if T — S is smoothing. Here we use that the projections 
^(i±7) onto £±i are differential operators of order 0. Since T, S are pseudo-differential 
and unitary the operator T — S is smoothing if and only if T*S — I is smoothing. □ 

Let ^{Si, S-i) denote the set of unitary isomorphisms from Si to S_, L . Then P i— > T 
defines a map 

*:Gr(j4) — <8r(4,«-*), (2.7) 

i.e., 

P = \( i *(py 



2 V $ ( p ) J 

More abstractly, consider the group % of unitary pseudo-differential isomorphisms 
Let 

^Frcd = {U \ spec css [/}, (2.8) 

and 

^"oo = {U G ^Frcd | C/ — / is a smoothing operator}. (2.9) 
Then given any P G Gr^A), the map 

defines homeomorphisms 

% rcd — Gr(A) 

and 

^ — > Gr^A). 



Another useful description of Gt(A) and Gr^A) is in terms of Lagrangian sub- 
spaces. 
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LEMMA 2.7. Let (H, ( , )) be a separable complex Hilbert space and 7 : H — > H an 
isomorphism satisfying / ~f 2 = —I, 7* = —7. Then there exists a subspace L C H such 
that 7(1/) = «/ and or% i/ dim ker (7 — i) = dimker(7 + i). 

Proof. Suppose L C H is a subspace with 7(L) = L -1 . Then it is easy to check 
that the orthogonal projections 7r± : L — > ker(7 ± 2) are isomorphisms and hence 
dimker(7 + i) — dimker(7 — i). 

Conversely, if dimker(7 + i) = dimker(7 — i) then let T : ker(7 — i) — > ker(7 + i) be 

a unitary isomorphism. Then L — { ^jL^) I ^ e ker(7 — «)} is a subspace satisfying 
7 (L) = L x . □ 



Definition 2.8. A Hermitian symplectic Hilbert space is a separable complex 
Hilbert space together with an isomorphism 7 : H — > satisfying 7 2 = —J, 7* = —7 
and such that the i and — i eigenspaces of 7 have the same dimension (i.e. if H is 
infinite-dimensional we require that both eigenspaces are infinite-dimensional). The 
symplectic form is the skew- Hermitian form 

u(x,y) := (a;, 7j/). (2.11) 

A Lagrangian subspace L C if of a Hermitian symplectic Hilbert space is a subspace 
so that 7(L) = L- 1 . A Lagrangian subspace is automatically closed. 

The space L 2 (E\q X ) together with the map 7 is a Hermitian symplectic Hilbert 
space. The space ker A is a finite-dimensional Hermitian symplectic Hilbert space since 
(dX,A) bounds (X,D). 

Given P e Gr(A), the kernel of P is a Lagrangian subspace, since ker P is orthogonal 
to 7(kerP). Notice that the kernel of P can be expressed as the graph of — $(P), 

ker P = { (_^ P)a .) I * G C £ 2 (£|ax). 

This gives a third characterization of Gr(A) as follows. We define Jzf to be the set of 
Lagrangian subspaces of L 2 {E\q X ) whose associated projections are pseudo-differential 
of order 0. The Cauchy data space, L x , (the image of the Calderon projector) is a 
Lagrangian subspace of L 2 (E\ dx ). 

Define 

«5fpred = {L E J£ I (L, 7(Lx)) is a Fredholm pair of subspaces}, (2-12) 

and 

J^oo = {le J^Fred | proj L — proj ix is a smoothing operator }. (2.13) 
Then we have homeomorphisms 

^Frcd — Gr(A) 

and 

^00 — ^ G roo (A). 
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The identifications of J?f, Gi(A), and % are determined by the conditions that 
L G ifprcd, P e Gt(A), and T G ^ Fred (S h S^) 

correspond if 

L = imP = graph of T and T = $(P). 

3. The //—invariant and spectral flow 

It was mentioned in the last section that Dp is the self-adjoint realization of a well- 
posed boundary value problem and hence it is a discrete operator in the Hilbert space 
L 2 (E). For the discussion of £- and //-functions we need the more refined analysis of 
the heat trace of Dp. The (- and //-functions of Dp are defined, for Re(s) >> 0, by 

n(D P ; s) := tr(£> P |Z> P |— *) = £ sign(A)|A|- s , 

Aespcc O P \{0} 

CPp; a) := tr(Dp') = £ A~ s (3.1) 

AGspec D P \{0} 

= i (C(£p; s/2) + //(L>p; S )) + c -*"± (C(,Dp; s/2) - //(L>p; s)) . 

Theorem 3.1. For P G Gr(v4) the functions ((Dp; s),rj(Dp; s) extend meromor- 
phically to the whole complex plane with poles of order at most 2. If P G Gr 00 (A) 
£/ien r)(Dp] s) and ((Dp] s) are regular at s = 0. Moreover ((Dp; 0) /s independent of 
PeGv^A). 

That the and //-functions extend meromorphically has been proved in increasing 
generality in [19|, 0, |35j, and 0. The definitive treatment of all well- 



posed boundary value problems is given in ]I7 ]. The proof of the statement about 



regularity at s = can be found in [35]. The methods of ||17|| show that the assumption 
P G Gr 00 (v4) can be somewhat relaxed ||16| |. Finally, that ((D P ;0) is independent of 
P G Gr ^(A) is BR Prop. 0.5]. 



Definition 3.2. The rj-invariant of Dp, rj(Dp), is defined to be the constant term 
in the Laurent expansion of rj(Dp] s) at s — 0, i.e. 

r)(D P ; s) = as~ 2 + bs' 1 + r)(D P ) + 0{s). 

We also give a symbol to a convenient normalization of the //-invariant. 

Definition 3.3. The reduced rj-invariant is defined to be 

rj(Dp) = (r}(D P ) + dim ker D P ) /2. (3.2) 

We continue with a discussion of the spectral flow and its relation to the //-invariant. 
Suppose one is given a smooth path of Dirac type operators D t : C°°(E) — > C°°(E),t G 
[0, 1], over X so that D t = ^(-^.+A t ) on the collar. Choose a smooth path of projections 
Pt so that Pt G Gr(At) for t G [0, 1]. Then the family D P (t) := (D t )p t is in particular 
a graph continuous family of self-adjoint discrete operators. As a consequence, the 



eigenvalues of D Pt vary continuously (as a general reference see ||21|| ). The spectral 
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flow of the family D P (t), which we denote by SF(Dp(t))t g [ 01 ] or just SF(D P (t)), is the 
integer defined (roughly) to be the difference in the number of eigenvalues that start 
negative and end non-negative and the number of eigenvalues that start non-negative 
and end negative (see |5|, for a precise definition). Notice that we have chosen a 



particular convention for dealing with zero eigenvalues. This convention is often called 
the (— e, —e) spectral flow in the literature, since it corresponds to intersecting the 
graph of the spectrum as a function of t with the line from (0, —e) to (1, — e). 

The 1 -parameter family of 77-invariants 7](D P (t)) G R will in general not vary 



smoothly with respect to t G [0, 1]. However, it follows from the work of G. Grubb | 17 | 
that the reduction modulo integers of the reduced ^-invariant rj(D P (t)) varies smoothly 
with t. In particular, the real valued function 

d 



u 



^ dt ( V (D P (t)))dt 



is smooth. 

In general, given a smooth function / : [0, 1] — > R/Z = S 1 , the expression u 1— > 
c + J™ jj^dt is just an explicit formula for the unique smooth lift of / to the universal 
cover R of S 1 starting at c G R. Thus if / and g are (possibly discontinuous) functions 
from [0, 1] to R so that the reductions of / and g modulo Z are smooth and agree, then 
the smooth real-valued functions u 1— > ^dt and u 1— > J™ ^dt coincide. 

Lemma 3.4. Suppose that D t ,t G [0, 1], is a smooth path of symmetric Dirac type 
operators as above, and P t G Gi{A t ) is a smooth path, giving a smooth path of self- 
adjoint discrete operators D P (t). 

Then 

V(D P (1)) - v(D P (0)) = SF(D P (t)) tem + j t ( V (D P (t)))dt. 

Moreover, if the dimension of the kernel of D P (t) is independent oft, then the function 
t 1 — > rj(D P (t)) is smooth. 

Proof. We only sketch the proof, since this fact is well-known, at least when the 
//-function is regular at s — 0, and the general case is proven by the same argument, 
because the pole of the //-function at s = is determined by the asymptotics of the 
spectrum, whereas the spectral flow depends only on the small eigenvalues. 

Given r G [0, 1], choose an e > so that ±e does not lie in the spectrum of D P (r). 
Applying standard results from perturbation theory |2l| we infer that ±e does not lie 
in the spectrum of D P (t) for t close enough to r, say t G [£q, ti]. Moreover the span 
of those eigenvectors of D P (t) whose eigenvalues lie in (— e, e) varies continuously for 

t G [to,*!]. 

Thus we can write r](D P (t); s) for t G [<q, ti] and Re(s) >> as a sum 
r ] (D P (t);s)= J2 sign(A)|Ar+ £ sign(A)|A|- s 

AGspec£>p(t),0<|A|<e Aespec D P (t), |A|>e (3-3) 

= T] <e {D P {t)-s)+r) >e {D P {t)-s). 
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The sum rj <e (D P (t); s) is finite, and so its analytic continuation to s = is integer 
valued: 

V<E (D P (t);0)= si S n ( A )' 

ASspec Dp (t),0< | A|<e 

Thus 

= 2SF(D P (t))te[to,t 1 ] + dimker D P (t ) - dimker D P {t x ). U ' 

Notice that this equation depends on our choice of convention for defining the spectral 
flow. The function T] >e (D P (t); s) = T](D P (t); s) — rj <E (D P (t)] s) varies smoothly in t G 
[to, t\] since we have subtracted the eigenvalues that cross zero, and since no eigenvalues 



equal ±e in this interval. If we define rj >s (D P (t)) similarly to Definition |3.2| then 
r] >£ (D P (t)) is smooth and 

r] >£ (D P (t)) = r)(D P (t)) modZ. 



Therefore, using ( 3.4j) we obtain 

d 
Jt 



h ±( v (D P (t)))dt 

In 

11 d 



to 



-(rj >£ (D P (t)))dt 



= V>e (D P (t 1 ))- V>£ (D P (t )) ( 3 - 5 ) 
= viDrih)) - rj^Dpih)) - rj(D P (t )) + v<e(D P (t )) 
= V (Dp(h)) - v(D P (t )) - 2 SF(Dp(*)) te[t0)tl ] 
+ dimker Dp (ti) — dimker D P (to)- 

Dividing by 2 proves the lemma over the interval [to>£i]- The general case is obtained 
by covering the interval [0, 1] by small subintervals and adding the results. 

For the last assertion, notice that if the dimension of ker D P (t) is independent of t, 
then SF(Dp(t)) te[0)S ] = for all s e [0, 1]. □ 

4. The Scott-Wojciechowski theorem 



The theorem of Scott and Wojciechowski ||30|| identifies the regularized ^-deter- 



minant of a boundary-value problem for a Dirac operator with a Fredholm determinant 
of the associated boundary projection. In this section we summarize and slightly extend 
that part of their result which we need, in the language of this article. Briefly, their 
theorem shows that the reduction mod Z of the ^-invariant of D P for P e Gr^A) and 
the Fredholm determinant of the unitary map $(P) which corresponds to P via ( pj.ltJp 
agree up to a constant independent of P. The important consequence for this article 
is that the mod Z reduction of the //-invariant for a manifold with boundary depends 
only on the boundary data and the Calderon projector. 

In this section D denotes a fixed Dirac type operator on a manifold X with boundary 
dX and A denotes its tangential operator. 
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Before stating the Scott- Wojciechowski theorem, let us briefly recall the £- 
regularized determinant. Let P G Gr oc (yl). Then ((D P ;s) is regular at s = and 
one puts 

det c fl p: =H- C ' ( ^ i0) >' <>**« D *. (4.1) 
; [0, OG spec L> P . V ' 

In view of ( |3.1|) and Theorem |37I] a straightforward calculation shows for D P invertible 

det c D P = exp^(aD p] 0)-r ] (D P ))- 1 -C(D P -,0)). (4.2) 

We emphasize that the regularity of r](D P ;s) and ((D P ;s) at s = is essential for 
(|3) to hold. (|3) implies that in general (det c P>) 2 ^ det c (P> 2 ). Note that Fredholm 
determinants are multiplicative, i.e. if S, T are operators of determinant class in a 
Hilbert space then det F (5T) = detp(S') detp(T), where detF denotes the Fredholm 
determinant. 

With these preparations, the Scott- Wojciechowski theorem reads as follows. 
Theorem 4.1. Let P g Gr^A). Then 

det c (D P ) = det c (D Px ) det F ( J + $(P * )$(jP) * ) . (4.3) 

This result was proved for M odd-dimensional in |30| , Thms. 0.1, 1.4]. An alterna- 
tive proof which applies to all dimensions and to slightly more general operators will 
be presented in ||23|| . 

In view of ( |4.2j ) the Scott- Wojciechowski theorem can be applied to express the 
dependence of rj(D P ) on P in terms of Fredholm determinants. 

Let P,Q£ Groo(v4). Since $(Q)$(P)* — / is a smoothing operator, it is of trace 
class and hence 

Z + $(Q)$(P)* _ f | $(Q)$(P)*-Z 

is of determinant class. In particular, J+$ ( p -^)' I '( p ) j s Q f determinant class and thus the 
right hand side in ( |4.3| ) is well-defined. 

Also, $(P)$(<5)* is of determinant class. Hence the determinant det F ($(P)$((3)*) 
is defined and lies in U(l) since $(P)$(<5)* is unitary. 

Theorem 4.2. Let P,Q g Gr^A). Then 

e ^(v(D P )-v(D Q )) = det F ($(P)$(Q)*). (4.5) 

Proof. Assume first that P is the Calderon projector Px and that the pair (Px, Q) 
is invertible. By Lemma 2J3 this means that D Px and Dq are invertible. Putting 
Theorem [O] and ( |4.2j ) together and taking into account that ((Dp; 0) is independent 
of P (Theorem |3.1| ), we obtain 

e <!K)^)) e iKiW) = det c(^) = det F ( J + $(Px)$(9r ), (4.6) 

det{(D Px ) v 2 y ' 
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and thus 

' i+$(PxMQ)* 



aelF y 2 ) _ if (>7(Dp x )-^(D Q )) (4 7) 

I+$(P X )$(Q)* \ i e ' V*-'-' 



|det F (- 

Since <&(Px-)$(Q)* — J is of trace class we may choose a self-adjoint trace class 
operator H such that e iH = <f>(P x )<&{Q)* ■ Then 

detF( / + ^^(gr r=detF( ^ r 

= det F (e iH cosh 2 (P ! /2)) ( 4 ' 8 ) 

= det F ($(P x )$(Q)*) det F (cosh 2 (if/2)), 

where we have used the multiplicativity of the Fredholm determinant in the last line. 
Consequently 

det F (^«) 2 



|det F (^«)' 2 



det F ($(P x )$(Q)*). (4.9) 



Putting together flPD and flPj ) we obtain for P = P x and Q G Gr^A) such that 
(Px,Q) is an invertible pair. However, since both sides of ( |4.5| ) depend continuously 
on Q, (|4.5|) remains valid for all Q G Gr^A). Finally, if P, Q G Gr^A) are arbitrary 



then 



e 2ni(rj(D P )~rj{D Q )) _ e 2m^{D P )-fj(Dp x )) e 2m{rj(Dp x )-rj(D Q )) 



= det F ($(P)$(P x )*) det F ($(P x )$(Q)*) (4.10) 
= det F ($(P)$(Q)*). 

□ 

We will use the following convenient form of the Scott- Wojciechowski theorem. We 
consider the reals R as the universal cover of U(l) via the map r i— > e 2mr . 

Corollary 4.3. Let P t , t G [0, 1], be a smooth path in Gr 00 (A). Then the map 

is the unique lift to R of the map [0, 1] — > U(l) 

S ^det F ($(P s )$(P )*). 



In preparation for the next theorem, suppose that P G Gr oa (A). From Lemma E]3 



we know that Dp is invertible if and only if ker Px fl7(ker P) = where Px denotes the 
Calderon projector; by Lemma |2^ this happens if and only if —1 G" spec($(P)$(Px)*). 
In fact, the kernel of Dp is canonically isomorphic to ker (7 + $(P)$(Px)*)- 

Using the functional calculus we can define the operator log($(P) < l ) (Px)*). The 
choice of the branch of log will be essential in what follows. We define log : C\ {0} — > C 
as follows 

log(re i4 ) = lnr + it, r > 0, -n < t < n. (4.11) 
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Since —1 ^ spec ess ($(P)$(Px)*), — 1 is an isolated point in the spectrum of 
$(P)$(Px)* an d thus we can choose a holomorphic branch of the logarithm which coin- 
cides on spec($(P)$(Px))* with log defined in fl4.11|) . The so defined log($(P)$(Px)*) 
is of trace class and 

trlog($(P)$(P x )*) = logdet F ($(P)$(P x )*) mod27riZ. 

After these preparations we can improve Theorem |4.2| as follows. 



Theorem 4.4. Let X be a compact manifold with boundary and let D be a Dirac 
type operator such that in a collar dX x [0,e) of the boundary D takes the form D = 
7(£+A) with A, 7 as in ([□]). Let $ be the map defined in (|2T7|) . Then for P G Gr ^(A) 
we have 

7j(D P )-^(D Px ) = ^trlog($(P)$(P x )*). 



Proof. We assume first that Dp is invertible. Dp x is invertible by Lemma [2.3| . In 
view of Proposition [2.4| and Lemma [2.3| the space of those P G Gr^/l) so that Dp is 
invertible is path connected. Choose a smooth path P t in Gr oo(A) starting at Px and 
ending at P so that Dp t is invertible for all t. 

The spectral flow of Dp t equals zero since the kernel is zero along the path and so 
Lemma |X4] shows that t i— > rj(D p t ) is smooth. Hence 

t^rj{D Pt )-rj{Dp x ) (4.12) 

is smooth. Also, the map 

t ^ -l T trlog($(P)$(Px)*) (4.13) 

is smooth since —1 G" spec($(Pi)$(Px)*) for all t and hence log is holomorphic on 

spec($(P)<f(Px)*). ' 

Theorem [4.2| states that the two smooth functions of ( |4 . 1 2| ) and ( [4.13| ) are the lifts 
to 1R of the same function to P(l) = M/Z, and they both start at 0. Hence they coincide 
for all t. 

Now let P G Groo(v4) be arbitrary. We may choose a path (Pt)- £ <t<e in Gr 00(A) 
such that (P t , Px) is invertible for t 7^ 0, Pq = P, and such that at t — exactly 
k = dimkerPp eigenvalues of $(Pt)$(Px)* cross —1 from the upper half plane to the 
lower half plane and no eigenvalues cross from the lower half plane to the upper half 
plane. To see this let R be the orthogonal projection onto ker(J + $(P)$(Px)*). The 
projection R is a pseudo-differential operator. Now put 

$(P t ) : = ( e li7T+t) R © (/ - P)$(P)$(P x )*)$(Px). (4.14) 

By our choice of log we then have 

^trlog($(P )$(P x )*) = ( hm ^trlog($(P f )$(P x )*). (4.15) 

Moreover, for t 7^ we have from the first part of this proof 

v(D Pt )-v(Dp x ) = -i-trlog($(P)$(Px)*). (4.16) 
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From Lemma |3.4| , ( |4.14| ) and ( [4. 16| ) one infers SF(Dp t )_ £ < t < £ = —k and since 
dimkerPp = k at t — exactly k eigenvalues of Dp t cross from + to — and no 
eigenvalues cross from — to +. Hence 



rf(D Po )-7)(D Px 



lim n(Dp t 

in- 



completing the proof. 



l im trlog($(P)$(Px)*) 

t— >0- 

^trlog($(P )$(P x )*), 



(4.17) 



□ 



5. Splittings of manifolds and the //—invariant I 

We consider now the gluing problem for the ^-invariant. Suppose we are given a 
closed manifold M containing a separating hypersurface N C M. We consider only 
Dirac operators D on M so that in a collar neighborhood [— e, e] x iV of N, D has the 

d 



form P = j(f- + A) as in (O 



Let M cut denote the compact manifold with boundary obtained by cutting M along 
N. Thus M cut is the disjoint union of two submanifolds M + and M~, with dM + 
and dM~ canonically identified with N. To apply the results of the previous section, 
we reparameterize the collar of M~ as dM~ x [0, e] with x = corresponding to the 
boundary. See the following figure. 



M 



M 



.cut 




The manifolds M and M cut 



18 



PAUL KIRK AND MATTHIAS LESCH 



The ifi-Sections of a bundle E over M correspond to sections / G ifx(-E|Af cut ) 
over M cut so that f\dM+ = f\8M- with respect to the canonical identifications dM ± = 
N. More precisely, the restriction of the section / to the boundary of M cut lies in 
Hy 2 (E\g M cut) C L 2 (E\g M cut). The identification of dM cnt with two copies of N gives a 
canonical decomposition 

L 2 (E ldM cu t ) = L\E\ N ) © L\E\ N ) (5.1) 

where the first factor corresponds to dM + and the second to dM~ . The restriction of 
a section / over M cut to the boundary can thus be written as (/+, /_), and the sections 
over M correspond exactly to those / so that / + = /_. 
On the collar of M cut , The operator D takes the form 



~ij \dx V° ~ A J J ' dx 

with respect to the decomposition (this is because of the change of parameteriza- 
tion of the collar of M~). 

Note that the (closed) diagonal subspace 

A = {(/, /) | / e L\E\ N )} C L 2 (E\ N ) © L\E\ N ) 

is Lagrangian. In fact: 

1. A is orthogonal to 7(A) since 

((fj),i(g,9)) = (fng) + (f, -7»> = o. 

2. A + 7(A) = L 2 (E\ N ) © L 2 (E\ N ) since 

(/, g) = \((f + 9,f + g) + 7(-7/ + 19, -if + 19))- 

The orthogonal projection to A 1 - will be denoted by Pa- It is called the continuous 
transmission projection. By construction an ifj-section / over M cut defines an bi- 
section over M if and only if the restriction (/+,/_) of / to the boundary satisfies 

-Pa (/+,/-) = 0. Note that Pa £ Gr(A) since Pp A is canonically identified with the 
(Fredholm) operator D acting on the closed manifold M. 

With respect to the decomposition (|5.1|) the operator Pa takes the form 



In a strict sense, the projection Pa is not in Gr(A) since it does not act as a pseudo- 
differential operator on E\qm^. Namely, since (|5.3[) contains off-diagonal terms the 
two copies of of C dM cnt interact and hence Pa is a Fourier integral operator. 
However, Pa is pseudo-differential on the bundle E\ N ®E\ N over N . This is only a mild 
generalization of the situation of Section ^| and we refrain from formalizing it. From 
now on Gr(v4) is to be understood as the set of those pseudo-differential operators on 
the bundle E\ N © E\ N over N which satisfy (@), (|), (|) of Definition It is fairly 



clear that the results of the previous sections also apply to this situation. 



^-INVARIANT, MASLOV INDEX, AND SPECTRAL FLOW 



19 



There is a natural map 

Gr(A) x Gt(—A) — > Gt(A), (P, Q) ^ °) (5.4) 

with respect to the decomposition ( |5.1| ). In particular the Calderon projector for M cut 
takes the form 

Pm«* = ^ + p M . (5.5) 

Warning. 1. There are two different decompositions of L 2 (E\ dM cut ) , one coiiiiiis" 
from the ±i eigenspace decomposition of 7 ( |2.5|) , and the second from the decomposition 
i9M cut = iV ]J A" ( |5.1|) . This leads to two different matrix representations of P G Gr(A). 
These two decompositions are compatible since 7 = 7© (—7), and so in fact one can 
write 

L 2 (E m ^) = {Si © <£_<) © {S-i © <£). 

2. Although Pa € Gr(A), it is not in Gr 00 (A). This fact causes technical difficulties. 

3. It follows from ( |5.2|) that if one parameterizes the collar of M~ as dM~ x [0, e) 
then 7 is replaced by —7 and A is replaced by —A. This in particular means that 
the natural symplectic structure on L 2 (E\q M -) is induced by —7. Sometimes it will be 
crucial to distinguish between the map $ 7 and the map $_ 7 (cf. Q2-7| )). The relation 
between the two is 

$_ 7 (P) = -$ 7 (J - P)*, P G Gt(A). (5.6) 

Lemma 5.1. Let D be a Dime operator on M cut and suppose that Pt,0 < t < I, is 
a continuous path in Gr(A) and Q t , < t < 1, is a continuous path in Gr(— A). Let 



Bi 



Pt 
Qt 



be the corresponding path in Gi{A). Then 

SF(D B „M cut ) te[0il] = SF(D Pt ,M + ) tem + SF(D Qi ,M-) tem . 
Proof. This follows from the fact that 

L 2 {E, M cut ) = L 2 {E, M + ) © L 2 {E, AT), (5.7) 

and D,B t preserve this splitting. Hence, D Bt = Dp t + © Dq ± . Note that the splitting 
induces the splitting Q5.1J) by restricting to the boundary. □ 



Notice that P G Gr{A) if and only if / — P G Gr(— A). Therefore, a particularly 
symmetric family of boundary conditions for D acting on M cut is given by the image 
of (P, I — P) under the map (|5.4j) . 

Corollary |4.3| to the Scott-Wojciechowski theorem implies the following lemma. 
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Lemma 5.2. Let D be a Dime operator over M and let Pq,Pl G Gt 00 (A). Choose 
a smooth path P t G Gr^A), < t < 1, from P to P\ and put 



Qf.= (q* 7 _° Pt ) eGr^i). 



T/ien 

77(£) Ql , M cut ) - rj(D Qo , M cut ) = SF(D Pt , M + ) te[0il] + SF( J D / _ Pt , M-) t6[0)1] . 

In particular, the quantity SF(D Pt , M + ) te [ ,i] + SF(.Dj_ Pt , M~) t6 [ 0i i] independent of 
the choice of the path P t . 

Proof. We know from Proposition |2.4| that Gr 00 (A) is path connected. This assures 
the existence of a path P t . Furthermore, notice that 

v(D Qt , M cut ) = v(D Pt ,M + ) + rj(D^ Pt , M~) (5.8) 

since D and Q t preserve the splitting of L 2 (P| Apu t) = L 2 (Pj M +) © L 2 (Pj M -). 
Lemma |3]4] and Corollary [4.3| imply that 



ij(D Pl , M + ) - ij(D Pc , M+) - SF(D P „ M+), sM 

=U 1 l ( "( c «» <it =i/ 1 l iogdetF (*( p « ) *( p » ), ) <it - (5 ' 9) 

and 

rj{D^ Pl ,M-) - viD^p,, M~) - SF(D / _ Pt , M~) te[0>1] 

J •-'0 

(5.10) 

Note that in ( |5.9| ) $ is taken with respect to 7 and in ( |5.10| ) $ is taken with respect to 
—7 (cf. 3. of the warning above). In view of ( |5.6| ) we find 



det F ($_ 7 (J - P t )$-v(I - PoT) = det F ($(P t )*$(P )) = det F ($(P t )$(P )*), (5.11) 
and consequently, 

^logdet F ($_ 7 (/-P)$_ 7 (/-P )*) = -^logdet F ($(P)$(P )*). (5.12) 

Adding ( ^9|) and (|5.10|) and using ( ^8|) gives the desired formula. □ 

For any P G Gi{A) a natural path connecting P^ and ^ ^ is given by (cf. 
IB Sec. 3]) 

PV _ /W(£)P + sin 2 (£)(/-P) -cos(0)sin(0) \ 

™> j I - cos(^) sin(0) cos 2 (#)(J - P) + sin 2 (#)P J ' 
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A straightforward calculation shows that £ = ( t + ) e ker P{6,P) if and only if 



cos(0)P£+ = sin(0)P£_, 
sin(0)(I - P)£+ = cos(0)(I - P)£_. ( j 

Lemma 5.3. Le£ P G Gr(A). 1/ cos(6») 7^ i/ien i/ie map P(9,P) lies in Gr(A). 
Furthermore 

P(0,P)=^ f ° p ) and P(f,P)=P A . 



'p+ 

which is not straightforward is the claim that (P(#,P),P + ), P + := I _ r p+ ) is 



(5.15) 



PROOF. Fix a Lagrangian subspace L C ker A and let P + = P + (L). The only part 

P+ 
v I — P" 1 

a Fredholm pair. We use the following criterion (cf. ]6|, Remark 3.5]) 

Two orthogonal projections Q, R in a Hilbert space form a Fredholm pair 
(invertible pair) if and only if the operator QRQ + (I — Q)(I — R)(I — Q) 
is Fredholm (invertible). 

One calculates 

P + P{6)P + + (/ - P+)(J - P(0, P))(J - P+) 
= (cos 2 {9){P + PP + + P+)(J - P)(J - P+)) + 

sin 2 (0)(P + (J - P)P + + (/ - P + )P(I - P + ))) ® j 
> cos 2 (0)(P + PP+ + (/ - P + )(/ - P)(/ - P + )) ® U JV 

Hence if cos(#) 7^ then the pair (P(9, P),P + ) is Fredholm (invertible) if the pair 
(P, P + ) is Fredholm (invertible). □ 

We emphasize that even if P G Gr^A) then P(6,P) £ Gr 00(A) if sin(0) 7^ 0. The 
significance of the family P(6,P) stems from the fact that Dp A is naturally unitarily 
equivalent to D acting on the closed manifold M. 

We first note some consequences of the existence of the family P(9, P) which do not 
make use of rj-f unctions. 

Proposition 5.4. Let D be a Dime operator over M and let Po,Pi G Gt{A). 
Choose a smooth path Pt G Gr(A), < t < I, from Pq to P\ and put, as in Lemma |5.2| , 

Qf-= (q* j _° p J G Gr M (l). (5.16) 

Then 

SF(P P(e , Pl) , M cut ) ee[0 , f ] - SF(P P(e ,p o) , M cut ) ee[0if ] + SF(P Qt , M cut ) 4e[0il] = 0. 
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Proof. Note again that in view of Proposition |2.4| the space Gr(A) is path con- 
nected. Using P t one obtains a map H : [0, |] x [0, 1] — > Gt(A): 

H(9,t) = P(9,P t ). (5.17) 

Since H(^,t) is the constant map at Pa, one sees that the path 

e»H(e,o) = p(e,p ), o<e<^, 

is homotopic to the composite of the paths 

#(0,t) =Q t , < t < 1, 

and 

6»H(9,1) = P(9,P 1 ). 

The claim now follows from the homotopy invariance and additivity of the spectral 
flow. □ 

Proposition 5.5. For the Calderon projectors P M + of M + and P M ^ ofM cut , the 
space ker P(6, Pm+) H kei^y (Pm^) is canonically isomorphic to im Pm+ H im P&f-. 
particular, its dimension is independent of 9 G [0, ?]. Moreover, 

SF(Dp (ei p M+) ,M cut ), 6[0 , f] = 0. (5.18) 

Furthermore, if P G Gr(A) and P t , < t < 1, zs a smooth path in Gi{A) from P to the 
Calderon projector Pm+ then 

SF( J D P(e ,p ) ,M cut ) ee[0if] = SF(A3 t) M cut ) te[0il] , (5.19) 
w/iere Q t = P t ® (I - Pt) as in ( |5.16|) . 



PROOF. By Lemma O the space kerP(^,P A/ +) PI ker 7(Pjv/cut) is isomorphic to 
ker -Dp(6»,p M+ ). Hence, if we can show that ker P(9, Pm+) fl ker 7 (PM cut ) is independent 
of 9, then A SF( J D P(e> p M+) , M cut ) ee[0 , f j = 0. 



Consider £ = ( J + ) G ker P(6, P M +) H ker 7 (P M -t). In view of ([53]) and (|5Tl4D this 



means 

cos(£)P M+ £+ = sin(0)P M+ £_, 

= sin(0)(I - P M+ )£+ = cos(0)(/ - Pm+X- (;J ' 2U) 

Since cos(6>) ^0 we infer £_ G imP M + fl imP M -. 

Conversely, given £_ G imP M + fl imP A p- put := tan(0)£_. Then ( |5.2(J| ) implies 

that G ker P(6»,P M+ ) n ker 7(P M cut). 

(|5.19|) is an immediate consequence of ( 5.18Q and Proposition 5-4 . □ 
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Corollary 5.6. Let M be a split manifold and let D(t),a < t < b, be a smooth 
path of Dirac type operators such that in a collar of the separating hyper surf ace we have 
D{t) = + A(t)). Let P M +(t) be the corresponding family of Calderon projectors. 
Then 

SF(D(t)) te[a , b] = SF(Di_p M+{t) (t) 7 M-) te[aM . 



Proof. We note that it was proved in |26| that PM+(t) is smooth. Consider the 
two parameter family of operators on M cut 

( D P(e,P M+ (t))(t),M cnt ) Q < e <jL , a < t < b - 

By Proposition [5.5| for fixed t the dimension of the kernel of Dp^gp M+ ^(t) is indepen- 
dent of 9. By the homotopy invariance of the spectral flow this implies 

SF(Dp i0t P M+{t)) (t), M cut ) te[aM = SF(D P ^ t p M+( t^(t), M cnt ) te[atb] . 

Since P(j) = Pa the right hand side equals SF(D(t)) t€ [ a )6 j. The left hand side equals 

$F(Dp M+(t) (t), M + ) maM + SF(D^p M+{th M-) te[aM 

and since D p +^(t) is invertible its spectral flow vanishes and we reach the desired 
conclusion. □ 

Remark 5.7. We emphasize that we did not use //-invariants to prove Proposition 
|5.4| , Proposition |5.5|, and Corollary |5.6| . The only ingredients of the proof are the family 
P(9, P) and basic properties of the spectral flow. 

We now return to the discussion of //-invariants. Since Dp A is naturally unitarily 
equivalent to D acting on the closed manifold M, we have for any P G Gr(A) 

r ] (Dp ih p ) ,M^)=r ] (Dp A ,M^)= V (D,M). (5.21) 

On the other hand, _Dp(o,p) is the direct sum of Dp acting on M + and -D/-p acting on 
M~ . Therefore, 

ri(%,P), M cut ) = V (D P , M+) + T/p/.p, M"). (5.22) 
Hence, by Lemma [3.4| we have 

V (D, M) = V (D P , M+) + v(Di-p, M~) 

1 H d _ _ , (5.23) 



+ 2 / 4 jnV{Dp(e,p), M cut )dt + SF( J Dp (e ,p ) ) ee[0 , 

J 



Thus, in order to obtain a splitting theorem for the //-invariant one needs to under- 
stand the last two terms on the right hand side of ( |5.23| ). If P is the Calderon projector 



of M + or M~ then by Proposition |5.5| the spectral flow term vanishes. 

Consider now the Atiyah-Patodi-Singer projection P + = P + {L) of (|2.3| ). The 
following theorem is the main result of the article [0] by J. Br fining and M. Lesch (fr], 
Theorem 3.9], see also (3.68) of loc.cit. with T + = —T* determined by the choice of 
Lagrangian L C ker A). 
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Theorem 5.8. Let P + = P + (L) be the Atiyah-Patodi-Singer projection and let 
9, P + )e g p,i] the deformation ( |5.13| ) to the continuous transmission projection. Then 



d 

1§ 



(r)(D P{e>P+) ,M' 



cut\ 



0. 



□ 



In view of ( [5.23D we conclude from Theorem ^]8| that 



rj{D, M) - 7j(D P+ , M+) - r}(D I _ P+ , M~) = SF(D 



P(9,P+) 



M c 



iee[o,f] 



(5.24) 



Since the right hand side of (|5.24| ) is an integer this formula implies the modZ gluing 
formula for the //-invariant (see |7| for a discussion of the history of this result). Note 
that ( |5.24| ) is slightly weaker than Theorem |5.8| . 

Our strategy to obtain a useful splitting theorem for the //-invariant can now be 
explained. On the one hand ( 5.24T ) gives a complete splitting formula for the //-invariant 
with respect to Atiyah-Patodi-Singer boundary conditions, but it contains the (in gen- 
eral) uncomputable term SF(Dp(e p+))6i e [o,3:]. On the other hand if we were to replace 
P + by the Calderon projector Pm+, Proposition |5T5| shows that the corresponding spec- 
tral flow term vanishes. Thus Theorem [5.8| (or at least (|5.24|) ) needs to be extended 
to a more general class of projections, including the Calderon projector. One possible 
strategy would be to generalize the arguments of [|7[] to more general projections. This 
might be manageable but technically tedious. Here, we will use a simpler approach 
which shows slightly less. Lemma |5.2] and Proposition [575] lead to a generalization of 
(|5.24j) to projections in Gr 00 (A). This is less than a generalization of Theorem |5.8| since 
the variation of the //-invariant with respect to the path P(6, P) might be non-zero. 

Theorem 5.9. Let D be a Dirac operator on M and let N C M split M into M + 
and M~ . We assume that in a collar neighborhood [—£, e] x N of N, D has the form 
D = 7(^| + A) as in ( |2.1| ). Let P E Gr^/l) and let Pt be a smooth path in Gr oc (A) 
from P to the Calderon projector Pm+- As in (|5.16 ) put Qt '■— Pt ® (I — Pt)- Then 



?}(D, M) = v(D P , M+) + jftDj-p, M~ 
= v(Dp,M + )+v(Dj_p,M- 



-SF( J D P( ,,p ) ,M cut 
-SF( J D Qt ,M cut ), e[0il] 



ee[o,f] 



(5.25) 



In particular, if P M + is the Calderon projector for M + then 

rj(D, M) = ?f(Dp M+ , M+) + v(D^ Pm+ , M~). 

Proof. Fix a Lagrangian subspace L C ker A and choose a smooth path R t G 
Groo(A) from P to the Atiyah-Patodi-Singer projection P + = P + (L). Set R t : = 
Rt® (I — Rt)- By Proposition ^7J] we have 



SF (D P (g t p), M cut ) ee[0i |] 



SF(D P{e , P+h M cut ) ee[0 , f] + SF(^ t , M^) tem . 
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Using Lemma |5.2| and ( 5.24] ) we obtain 
rj(D, M) - ?}(D P , M + ) - ?)(Dj_p, M~) 

= rj(D, M) - rj(D P+ , M + ) - v(Dj- P+ , M~) + r}(D Ri ,M^) - v(D~ Ro ,M c ^) 
= SF(D mP+) ,M mt ) ee[0 ^ + SF(^ t ,M cut ), e[0il] ( ' J - " 

= SF(Z)p( 0> p), M cu )ee[o,f]- 
This proves the first line of ( |5.25| ). The second line of ( |5.25| ) and the last assertion 



follow from Proposition |5]5|. □ 

Notice that by symmetry the same argument also shows that 

?f(D, M) = v(D T -p m _ , M + ) + rj(Dp M _ , M~). 

Applying Theorem [O] allows us to extend Theorem |5.9| as follows. 

Theorem 5.10. Let D be a Dime operator on M and let N C M split M into M + 
and M~ . Then for P G Gr^A) and Q G Gr^— A) we have, with $ = $ 7; 

jf{D, M) - rj(D P , M+) - r](D Q , M~) 

= -itrlog($(P)$(P M+ )*) - ^trlog($(P M -)$(g)*) 
+ 1 i,trlog($(/-P M -)$(P M+ )*). 

In particular, 

^D,M)=^D PM+ ,M + )+^D PM _,M') + ^ti\og^{I-P M -MP M+ r). (5.27) 

Proof. It was remarked after ( |2T4| ) that P M + G Gr^A) and P M - G Gr^— A). 
Consequently, I — Pu- G Q^oo{A} and hence / — Pm- — Pm+ is trace class. 
Theorem |0] implies that rj(D, M) — rj(D P , M + ) — rj(Dq, M~) is equal to 

- (rj(D P , M + ) - tj(D Pm+ , M+)) - tf(D Q , M~) - rj(D PM _ , M~)) 

-(v(d Pm _,m-)-v(d^ Pm+ ,m-)). 

Applying Theorem PO] to the three summands in (|5.28|) and taking ([5.6D into account 



gives the assertion. □ 

The formula ( |5.27| ) expresses the ?T-invariant of D on M in terms of two ^-invariants 
intrinsic to the two pieces M + and M~ of the decomposition and an "interaction" term. 

6. Maslov index and winding number 

In this section we compile the necessary material about the Maslov index and the 
winding number. One important comment is that in constructing the various invariants 
(winding number, Maslov index, triple index, spectral flow, and the branch of the 
logarithm) conventions must be chosen to set signs and to handle degenerate cases. 
In particular, care must be taken to ensure that the different possible conventions 
are chosen compatibly. Thus, although some of the material we present here is a 
generalization of ideas which appear in the literature, the subtleties arising in organizing 
the conventions compatibly and extending the constructions from the finite-dimensional 
to the infinite-dimensional context require the careful exposition we present. 
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6.1. Winding number. Let if be a complex Hilbert space and denote by &(H) 
the group of unitary operators on H. Similarly to (|2.8| ), ( |2.9|) we introduce the following 

subspaces: 



%{H) 

^fted(#) 



{U G <%(H) | -1 Aspect/}, 

{UeW(H) | -10spec ess f/}, 

{U G <%{H) | U- I is compact }, ( °' 



{£/ G <2f (#) I C/ - J is trace class }. 

The spaces ^(H) and ^Fred(-f^) are n °t groups. It is well-known that the inclusion 
% T (H) ^/^(H) is a homotopy equivalence and that ^x(H) is homotopy equiv- 
alent to the infinite unitary group ^(oo) = lim ^(n). Therefore, one has by Bott 

n— »oo 

periodicity 

7T2k(^AH)) = «2kCK{H)) =0, 

ir 3 ^ 1 (W J r(H))=* 3h + 1 {<K{H))~Z, U ' 1 ' 2 '- (b ' 2j 

Furthermore, the isomorphism 7r 1 ( < ^' tr (if)) — > Z is given by the winding number. I.e. if 
/ : [0, 1] -+ %r(H) is a closed C^-path then 



1 f 1 
wind / := — / tr( 
2m J 



(f(t)- l f'(t))dt. (6.3) 

Z7TZ Jo 

Lemma 6.1. 

1. The inclusion *Wj(r(H) — > %?red(-fO is a weak homotopy equivalence, 

2. For any [/ G &F re< x{H) there exists a smooth path f : [0, 1] — > ^Fred(-f^) suc/i £/ia£ 
f(0) — I is of finite rank, /(l) = {7, and swc/i taat dimker(/(£) +/) zs independent 
oft. 

Proof. 1. Let £{H) := 38(H) /Jf(H) be the Calkin algebra. Then the quotient 
map a : 38(H) -> ^(if) sends W Frcd (H) onto {n G ^(#) | -1 specu} =: %g(H). 
Moreover, %jg-(H) acts freely (from left and right) on the fibers. Thus we obtain a 
fibration Wjr(H) -> % red (#) -> ^*B(H). The claim now follows since <%*£(#) is 
contractible. 

To see the latter we note that for any C*-algebra stf the set {u G srf \ u unitary, —10 
specn} is contractible. The contraction is given by H t (u) := exp(tlogn), < t < 1. 
This is well-defined since —10 specu. 

2. Let H = ker(U + 1) © H x =: F © H x . Then £/ splits into U = -I Ho © U and 
-10 specf/. Now put f(t) := -I Ho © exp (t log C/) . □ 

In view of this lemma the winding number ( |6.3|) extends to a group isomorphism 

wind : 7Ti(^ e d(#)) ^ Z - 
Next we define the winding number for not necessarily closed paths in %Yred(H). 
Namely, as it was noted in the previous proof the space ^4 (H) is contractible. Hence 
the natural map vr 1 (^ Pre d(H)) — > 7r 1 (^ F red(-^), %*{H)) is a bijection and thus we ob- 
tain a winding number defined for curves / : ([0, 1], {0, 1}) — > ( t ^p ved (H), ^(H)). 
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More concretely, if / is such a curve then one chooses / : [0, 1] — ► ^(H) with 
/(0) = /(l) and /(l) = /(0). Then / * / is a closed curve in %?red(-£0 and one 
puts wind(/) := wind(/ * /). Since %,(H) is contractible it is clear that wind(/) is 
well-defined independently of the choice of /. 

Finally, we choose a convention to define the winding number for a curve whose 
endpoints do not lie in W*(H): let / : [0, 1] — > fflpi^H) be a continuous curve. —1 is 
an isolated point in the spectrum of fit) since —1 G" spec ess (/(i)). We may therefore 
choose an e > such that for all (p G [— s, e], <p ^ 0, we have —1 G" spec(f(j)e lip ),j = 0, 1. 
Now define 

wind(/) := wind(/e _ie ). (6.4) 
The winding number has the following properties: 

1. Path Additivity: Let f±, fa : [0, 1] — > ^Fred(-ff) be continuous paths with /2(C)) = 

Then 

wind(/i * / 2 ) = wind(/i) + wind(/ 2 ). 

2. Homotopy invariance: Let fi, fa be continuous paths in %?red- Assume that there 
is a homotopy # : [0, 1] x [0, 1] -> ^ F red such that #(0, t) = A(t), t) = f 2 (t) 
and such that dimker(if(s, 0) + J), dimker(if(s, 1) + I) are independent of s. 
Then wind(/i) = wind(/2). 

3. If / : [0, 1] -> ^(-H") is a C^-curve then 



wind(/) = ^-.{f tr{J{ty x f{t))dt - tr(log /(l)) + tr(log /(0)) 

27U VJ 



(6.5) 



where the logarithm is normalized as in (|4.11 



We note in passing that the winding number may be interpreted as a spectral flow 
across -1 @|, [ pj§ . Namely, the winding number of a path / : [0, 1] — > ^Frod(-ff) can be 



(6.6) 



calculated as follows: choose a subdivision = to < t\ < ... < t n — 1 and < Sj < ir, 
j = 0, n— 1, such that — e 41 ^ G" spec ess (/(£)) for t G [£/, t/+i] and |<p| < Sj and moreover 
_ e ±i £j ^ spec/(t) for t G [tj,tj + i]. Then put 

wind(/(*)) t .< t < t , +1 := #(spec(/(t i+1 )) H {-e** | < p < £,}) 

- #(spec(/(t i )) n {-e* I 0<^<e,}, 

where eigenvalues are counted with multiplicity. Finally, 

n-l 

wind(/)=^wind(/(t)) 4 (6.7) 

j=0 



Definition 6.2. Let U G ^^(H) and V G ^ Fre d(-£0- Then the doitfr/e index 
T W (U,V) G Z is defined as follows: choose continuous paths / : [0,1] — > ^j^(H),g : 
[0, 1] -> ^Frcd(^) such that /(0) = #(0) = / and f(l) = U, g{l) = V. Then put 
t w (U,V) : = wind(/) + wind(g) — wxnd(fg). t w (U,V) is defined accordingly if U G 

WpreiiH), V G ^Jt(H) OVU,Ve ^Fred(H), UV G Wjf(H). 
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Proposition 6.3. The double index r w is well-defined. It has the following prop- 
erties: 

1. (Homotopy invariance) If f : [0, 1] — > %jf{H),g : [0, 1] — > ^^^{H) are continu- 
ous paths then 

r w (/(l), g(l)) - r w (/(0),(/(0)) = wind(/) + wind(^) - wind(^). 

In particular, i/dimker(/(t) + /), dimker(g(t) + J) anc? dim ker(f(t)g(t) + 1) are 
independent oft then r w (f(l), g(l)) = r w (f(0),g(0)). 

2. IfU,Ve <K(H) then 

t w (U,V) = — (tr log UV-tr log U-tr logV). (6.8) 

3. For any U G ^^^{H) we have 

Tw (I : U) = t w (U, I) = and r tt (E/, CT 1 ) = - dimker([7 + /). 

Proof. First note that if U G <%x{H) and V G ^Yred{H) then since U — I is 
compact one has spec ess (C/V) = spec ess (V), in particular [TV G ^pred{H). If / : [0, 1] — > 
W r (H),g: [0, 1] -> ^Fred(H) are different paths with /(O) = £(0) = I, /(l) = [/, #(1) = 
1/ then consider the closed paths /*/_ and g*g~, where /_ denotes the path / traversed 
in the opposite direction. Since the pointwise product of closed paths (/ * /-)(<? * g~) 
is homotopic to (/*/_)* (g * <?_) we find 

= wind(/ * /_) + wind(s( *#_) - wind((/ * Jj){g *<?_)) 

= — wind(/) + wind(/) — wind(g) + wind(^) + wind(/p) — wind(/g). 

This shows that t w is well-defined. The homotopy invariance is straightforward from 
the definition and the homotopy invariance of the winding number. 

2. This assertion is a consequence of (|6.5|). 

3. That T W (I, U) = r w (U, I) = follows immediately from the definition. 

For U G ^tr(iy) the third identity follows from Assertion 2. (note the normalization 
(|4.11|) of log). If U is arbitrary we apply Lemma |6.1| 2. and choose a continuous path 
/ : [0, 1] -> <&Fred(H) such that /(l) = U, /(0) G % T {H) and such that dimker(/(t) +/) 
is independent of t. The claim now follows from the homotopy invariance 1. □ 

A priori r w cannot be defined on %*ed(-fO x ^Pred(-ff) (which might be desirable) 
since for U, V G < ^Fred(-^) in general UV G" ^Fred(-f^)- Even if one assumes UV G 
^Frcd(-f^) it is in general not possible to choose paths /, g as above such that f{t)g{t) G 
^Fred{H) for all t. 

Corollary 6.4. Let f : [0, 1] — > W^ed(H) be a continuous path. Then 
wind(/) + wind(/" 1 ) = dimker(/(0) + T) - dimker(/(l) + I). 

Proof. We apply Proposition |6.3| 1. with g = f~ x and obtain using Proposition 
p| 3. 

wind(/) + wind(r 1 ) = r„(/(l), /(l)" 1 ) - r w (/(0), /(O)" 1 ) 

= -dimker(/(l) + /) + dimker(/(0) + /). 
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6.2. Maslov Index. Let (H, ( , ),7) be a Hermitian symplectic Hilbert space (cf. 
Def. p.8|) . Thus 7 : H — > H is a unitary map satisfying 7 2 = — 1 and the eigenspaces 
S±i := ker(7 =pi) have the same Hilbert space dimension. As in Section ^ we denote by 

Jz? := {L C H J L closed subspace, 7L = L -1 } 

the set of Lagrangian subspaces. As usual L G J*f will be identified with the orthogonal 
projection Pl onto L. The image of an orthogonal projection P in H is Lagrangian if 
and only if 7P7* = I — P. Similarly as in Section |2] we put 

Gr(H) := {P G 3S{H) \ P = P*,P 2 = P,^Pj* = I - P}, 
Gr i?ed(#) := {( p ,Q) \ P,Q^ Gr(H), (P,Q) are a Fredholm pair}, 
Grl 2) (#) := {(P,Q) I P,Qe Gt(H), (P,Q) is an invertible pair}, 
Gr^(H) := {(P, Q) \ P,Qe Gt(H), P - Q is compact}. 



(6.10) 



Notice that, in contrast to the definition of Gr(A), there is no Fredholm assumption 
about elements of Gr(if). The corresponding spaces of Lagrangians are 

^£! d --={(Li,L 2 ) I L 1 , J L 2 GJ^f,(L 1 , J L 2 ) is Fredholm}, 
^( 2 ) : = {(L 1; L 2 ) G ^ {2) I (Li, L 2 ) is invertible}. 

Recall that a pair of Lagrangian spaces (L 1; L 2 ) is Fredholm if Li n L 2 is finite- 
dimensional and if L\ + L 2 is closed with finite codimension, and that the pair (L l5 L 2 ) 
is invertible if L\ H L 2 = {0} and Li + L 2 = i?. 

We emphasize the confusing fact that (Li,L 2 ) is Fredholm (resp. invertible) if and 
only if the pair of projections (/ — Pl 1 ,Pl 2 ) is Fredholm (resp. invertible). There- 
fore, a Fredholm pair of projections (P, Q) will sometimes be identified with the pair 
(ker P, im Q) of Lagrangian subspaces. 

As in Lemma [Z]6] one sees that with respect to the decomposition H = $i © each 
P G Gt(H) takes the form 



1 / I $(P)* 

2 U(P) / 



(6.12) 



where $(P) G ^(<^, Moreover, the map 

$ : Gt(H) — > <T_i) (6.13) 

is a diffeomorphism. Furthermore, the pair (P, Q) is Fredholm if and only if 
$(P)$(Q)* G ^F re d(^) and (P,Q) is invertible if and only if $(P)$(Q)* G ^*(<£U) 
(cf. Lemma |2.6| ). Finally, P — Q is compact (resp. trace class) if and only if 
$(P)$(Q)* G 'SGrO^-i) (resp. 
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Proposition 6.5. There are diffeomorphisms 

Grf (H)nGrf\H) = (^jnt^jx^^,^). 
In particular the identifications induce homotopy equivalences 
(Gr£^(#),Gri 2 )(#)) ~ (^(tf-i), «>(*-*)) 
(Gr§j(F),Grl 2 )(F)nGr^(F)) ~ (^r(^), ^-i) D <%r(£-0)- 
Proof. In all four cases the diffeomorphism is given by 

(p,Q)^mPMQr^(p)). 

By Kuiper's Theorem [ |22|| the space % (<fj, <S_i) is contractible and hence we obtain 
the claimed homotopy equivalences. □ 



The Maslov Index ||10|| , ||26|| is an integer invariant of Fredholm pairs of paths of 
Lagrangian subspaces. We discuss it in terms of the projection picture of Lagrangian 

(2) 

subspaces. Let (f,g) : [0, 1] — > Grp red (if) be a continuous path (i.e. a pair of paths in 
Gr(if) such that (f(t),g(t)) is Fredholm for all t). The Maslov index Mas(/, g) is the 
algebraic count of how many times ker f(t) passes through im g(t) along the path. We 
use the notation Mas(/, g) , Mas(ker /, im g) , Mas(im /, ker g) interchangeably. Indeed 
Mas(ker /, imp) = Mas(7ker/, 7 imp) = Mas(im/, kerg). 

The Maslov index has the following properties (cf. [|26|| , [|10|| ): 

1. Path Additivity: Let (fj,gj) '■ [0,1] — > GipJ ed (H), j = 1,2, be continuous paths 
with f 2 (0)=f 1 (l),g 2 (0)=g 1 (l) then 

Mas((/ 1 ,p 1 ) * (f 2 ,g 2 )) = Mas(/i, g x ) + Mas(/ 2 , g 2 ). 

2. Homotopy Invariance: Let (fj, gj) : [0, 1] — > Gr Frcd (H), j = 0, 1, such that (/o, go) 
is homotopic (fi,gi) rel endpoints then 

Mas(/ ,5'o) = Mas(/i,pi). 

More generally, suppose that (F,G) is a homotopy from (/o,<7o) = 
(F(-,0),G(-,0)) to (A,pi) = {F{-, 1),G(-,1)) and suppose that 
dim(ker F(0, s) flimG(0, s)) and dim(kerF(l, s) Him (7(1, s)) are independent of 
s e [0, 1]. Then Mas(/ , g ) = Mas(/i, #1). 

3. Normalization: This is done in two steps. First one requires that on paths 
with endpoints in Gr^(H) the Maslov index induces a group isomorphism 
^(Grg^i^Gri 2 ^)) - Z (since Gri 2 )(#) ~ ^(^) x ^(^,^) is con- 
tractible 7Ti(Grp 2 g d (f/"), Gr^(if)) is indeed a group). This determines Mas on 
paths with endpoints in Gt^\H) up to a sign. The sign is chosen as follows: if 
(P,Q) G Gr {2) {H) then Mas(e* 7 Pe~' 7 , Q)_ £ <f< £ = dim(kerP n imQ) for £ small 
enough. 
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Secondly, if (/, g) : [0,1] — > Gr^/ ed (if) is an arbitrary continuous path then 
one chooses e small enough such that the pairs (e S7 /(j)e _S7 , g(j)) are invertible 
for j = 0, 1, < s < £. Then one puts 

Mas(/,(7) := Mas(e £ Ve- e7 ,^). (6.14) 

Actually, the normalization property 3. determines the Maslov index completely 
and it may be viewed as its definition. Properties 1. and 2. follow from 3. There exist 
other conventions for dealing with paths whose endpoints do not lie in Gr^(H) and 
not all of these conventions satisfy path additivity. 



The discussion of the Maslov index works as well when the Hermitian symplectic 
Hilbert space H is finite-dimensional. In this case the Fredholm condition is vacuous 
and the Maslov index is defined on Gt^ 2 \H) = Gr(H) x Gr(H). We will use the Maslov 
index in both contexts; in the infinite-dimensional setting with H = L 2 (E\qx) and in 
the finite-dimensional context with H = ker A. 



Theorem 6.6. For a continuous path (/, g) in Grj^ cd (if ) the Maslov index is related 
to the winding number by the equation 

Mas(/, g) = - wind($(/)$(0)*). (6.15) 



Proof. In view of Proposition |6J)| the right hand side of ( 6.15 ) induces a group 
isomorphism 7Ti(Gr^(#),Gr<, 2) (i?)) -> Z. It remains therefore to check the sign 
convention and the convention for paths with endpoints not in Gr^(if). Let (P,Q) G 
Gr^ ed (iif). Then, by definition, Mas(e* 7 Pe~* 7 , Q)- £ <t< £ = dim(ker PflimQ) for e small 
enough. A straightforward calculation shows 

$(e S7 Pe" S7 ) = e~ 2s7 $(P) (6.16) 

and thus for e > small enough we have, in view of Lemma |2]6| (§), 



-2is\ 



wind($(e S7 Pe- S7 )<I>(Q)*)_ e < s < e = dim(ker P n imQ) wind(-e" )- £ <s<e 

= — dim(ker P fl im Q) . 

To check the convention for paths with endpoints not in Gr; 2 '' (H) we consider the paths 
(e S7 Pe _S7 , Q), — e < s < 0, resp. < s < s. By definition we have for S > small 
enough 

Mas(e S7 Pe- S7 , Q)- £ < s < = Mas^+^Pe"^ 7 , Q)- £ < s < 

= Mas(e* 7 Pe-* 7 ,Q)_ £+5 < s < +( 5 = dim(ker P n imQ), 

and, analogously, 

Mas(e S7 Pe- S7 , Q) < s < £ = 0. (6.19) 
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According to our convention for the winding number we have, on the other hand 

wind(-e~ 2 * s )_ £ < s < = -1 
wind(-e 2is ) <s< e = 

In view of ( |6.17| ) the proof is complete. □ 



( 6 -20) 



Corollary 6.7. Let (f,g) be a continuous path in Gr^ ed (H). 

(1) The Maslov index Mas_ 7 with respect to the opposite symplectic structure is re- 
lated to Mas 7 as follows: Mas_ 7 (/, g) = Mas 7 (g, /). 

(2) Mas 7 (/,#) + Mas 7 (#,/) = dim(ker/(l) nim#(l)) - dim(ker/(0) nim#(0)). 

Proof. (1) In view of ( p.6[ ) and the previous theorem we find Mas_ 7 (/, g) = 
-wind($_ 7 (/)$_ 7 (s)*) = -wind($ 7 (/)*$ 7 (<7)) = wind($ 7 (^)$ 7 (/)*) = Mas 7 (^,/). 

(2) Using the previous Theorem and Corollary |6.4| we obtain (we write Mas instead 
of Mas 7 ) 

Mas(/, g) + Mas(<7, /) = - wind (<&(/) <&(<?)*) - wind(($(/)$(( 7 )*)- 1 ) 

= dim(ker f(l) D img(l)) — dim(ker /(0) H imp(0)). 

□ 

Finally we construct a version of the Maslov triple index in our context. The 
Maslov triple index as defined in (cf. \\10[ Sec. 8]) cannot be generalized to the present 
infinite-dimensional setting. The reason is simply that interesting triples of Lagrangian 
subspaces L\, L 2 , L 3 such that (Li, L 2 ), (L 2 , L 3 ), (L 3 , Li) are all Fredholm pairs are hard 
to find. 

However, motivated by ||10| , Prop. 8.4] we can construct a variant r M of the Maslov 
triple index which is related to the double index r w : consider continuous paths f,g,h: 

(9) 

[0, 1] — > Gr(H) such that (/, g), (g, h), (/, h) map into Grp red (if ) and such that / — g or 
g — h or / — h maps into the set of compact operators. If, say, f(t) — g(t) is compact 
for all t then, of course, it suffices to assume that (f(t), h(t)) is Fredholm for all t. The 
Fredholmness of (f(t),g(t)), (g(t), h(t)) then follows. Now in view of Theorem |6.6| and 
Proposition |6.3| we find 

Mas(/, g) + Mas(#, h) - Mas(/, h) 

= - wind($(/)$(^)*) - wind($(^)$(/ i )*) + wind($(/)$(/i)*) 

= -r w mf(i)Mg(i)y, *( 9 {i)Wh{i)y) (6 ' 21) 

+r w (Hf(o)mg(o)rMg(m(h(i)n 

This motivates the following definition. 

Definition 6.8. Let P,Q,Re Gr{H) such that (P, Q), (Q, R), (P, R) are Fredholm 
and at least one of the differences P — Q,Q — R, P — R is compact. Then we set 

r M (P, Q, R) := -r4$(P)$(Q)*, $(Q)$(P)*). (6.22) 

and call r M the triple index of (P, Q, R). 
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The triple index r M inherits properties from t w in a straightforward way. For exam- 
ple, one has the following. 

Lemma 6.9. Let P,Q, R £ Gt(H) such that P — Q,Q — R are trace class. Then 

r,{P,Q,R) = -L(trlog($(P)$(Q)*) +trlog($(Q)$( J Rn 
-tr log($(P)$(P)*)). 

□ 

We will have occasion below to use the homotopy invariance of the triple index. 

Lemma 6.10. Let P,Q,R : [0,1] -> Gr(#) fre pai/is in Gr(PT) so t/iat 
(P, Q), (Q, P), (P, P) map into Grp^ ed (P) and at least one of the differences 
P — Q,Q — R,P — R maps into the set of compact operators. Suppose further 
that dim(ker P(t) n imQ(i)), dim(kerQ(t) n imP(t)) ; and dim(kerP(t) n im R(t)) are 
independent oft. Then 

r M (P(0), Q(0), P(0)) = r M (P(l), Q(l), P(l)). 
Proof. By ( |6.21| ) we have 

r M (P(0), Q(0), P(0)) - r M (P(l), Q(l), P(l)) 

= Mas(P,Q) + Mas(Q,P) -Mas(P,P). ^ ' ' 

Now the claim follows immediately from the homotopy invariance of the Maslov index. 

□ 

We defined the triple index in such a way that formulas become short. A drawback 
of this is that is not antisymmetric in the variables, as the following proposition 
shows. 

Proposition 6.11. Let P,Q,Re Gr(P) such that (P,Q), {Q,R), (P,R) are Fred- 
holm and at least one of the differences is compact. Then 

r M (P, R, Q) = - r M (P, Q, R) + dim(ker Q n imP), 

r M (Q, P, P) = - r M (P, Q, R) + dim(ker P n imQ), 

r M (P, Q, P) = - r M (P, Q, P) + dim(ker P n imQ) 

+ dim(ker Q D im P) — dim(ker P H im P) . 

Moreover, 

r M (P, P, Q) = r M (Q, P, P) = and r M (P, Q, P) = dim(ker P n imQ). (6.26) 

Proof. We prove (|6.26| ) first. From Proposition |6]^ and the definition of r M we 
infer 

r M (P, P, Q) = -r w (J, HPMQT) = 0, 

r M (Q, P, P) = -r4$(Q)$(P)*, J) = 0, (6.27) 
r^(P,Q,P) = -r 1i) ($(P)$(Q)*,($(P)$(Q)*)- 1 ) = dim(kerPnimQ). 



(6.25) 
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To prove ( |6.25| ) we assume, without loss of generality, that Q — R is compact. Let 
f(t) := (1 - t)Q + tR, < t < 1. Then we obtain from Corollary |/7| and (WM 

t^P, R, Q) = r M (P, R, Q) - r M (P, Q, Q) = Mas(P, /) + Mas(/, Q) 

= Mas(P, /) - Mas(Q, /) + dim(kerQ n imP) 

= -r M (P,Q,P) + dim(ker<3 n imP), 
r M (Q, P, P) = Mas(P, /) - Mas(Q, /) + r M (Q, P, Q) 

= -r M (P,Q,P) + dim(kerP Him Q), ^' ' 

r M (P, Q, P) = Mas(/, Q) - Mas(/, P) 

= - Mas(Q, /) + Mas(P, /) + dim(ker PnimQ) 
+ dim(ker Q D im P) — dim(ker P fl im P) . 

□ 

6.3. Symplectic reduction. We conclude this section with a discussion of sym- 
plectic reduction in our infinite-dimensional context. We will use symplectic reduction 
in Section |8|. 

Let (H, (.,.), 7) be a Hermitian symplectic Hilbert space with symplectic form 
u(x,y) = (x,jy). For a subspace U C H the annihilator of U is defined to be 

Ann(P) := {x G H \ MyeU u(x, y) = 0} = (-fU) 1 . 

A subspace U C H is called isotropic if P C Ann(P). 

Assume for the moment that H is finite-dimensional and that Ann(P) C U . Then u 
induces a symplectic structure on the quotient U/ Ann(P) in a natural way. Moreover, 
if L C H is Lagrangian then Ru{L) := LflP/LnAnn(P) is Lagrangian in U/ Ann(P). 
Ru{L) is called the symplectic reduction of L. 

Proposition 6.12. Let (H, (.,.), 7) be a Hermitian symplectic Hilbert space, U C 
P a closed subspace with Ann(P) C U . 

Suppose that L C H is a Lagrangian subspace such that L + Ann(P) is a closed 
subspace of H. Then (U fl 7P, (.,.), 7) is a Hermitian symplectic Hilbert space and the 
orthogonal projection 

P L ,u := proj [/n7t/ : L n U — > U n lU 

has closed range isomorphic to L fl U/ L fl Ann(P). Moreover, Ru{L) = imP^jy is 
Lagrangian in U fl jU. 

Rjj(L) is called the symplectic reduction of L with respect to U . 

Remark 6.13. 

1. For {U fl jU, (.,.), 7) to be Hermitian symplectic it is crucial that there is at 
least one Lagrangian subspace L C H with L + Ann(P) closed. To illustrate the 
problem start with an infinite-dimensional Hermitian symplectic Hilbert space 
(H, (.,.), 7). Let H := H © H x , where Hi is another Hilbert space, and put 7 := 
7©z. Furthermore, pick a symplectic subspace L C H and put P := LQ)H 1 C P. 
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Then Ann(£7) = L © and U fl / yU = © Hi. Since 7 acts by multiplication by i 
on U n-yll we conclude that (U DjU, (., .),t) is not Hermitian symplectic. From 
the proposition we infer that for each Lagrangian subspace K C H the space 
K + Ann([7) is not closed. 

Proposition |6.12 in particular applies if (L, Ann(£/)) is a Fredholm pair of sub- 



spaces. 

3. The assignment L *—>■ Ru{L) is not continuous, but is continuous along paths L t 
so that dim(L t fl Ann([/)) is constant. These facts are well-known and we omit 
the examples. 

Proof. Certainly U fl is a Hilbert space and 7 leaves U fl 7?/ invariant. If 
we can prove that vaxP^u is Lagrangian in U fl 7?/ then from Lemma |2.7| we infer 
dim(ker(7 + i)nUn 7U) = dim(ker(7 - z) fW H ^U). 

What remains, therefore, is to prove the second part of Proposition |6.12| without 



using the fact that dim(ker(7 + i) n U fl ^U) = dim(ker(7 — i) fl U fl 7C/). 
We note first that we have an orthogonal direct sum decomposition 

Ann([/) © (U n 7C/) = C/. (6.29) 

Also, imPty is an isotropic subspace of U fl 7C/. In fact, if 2 £ L D U then, 
since L is Lagrangian, (37,73;) = 0. Writing 3; = £ + r?, ( £ [/fl 7C/, 77 £ Ann (£7) then 
= (37,72:) = (£,72;) = (CO = {Pl,ux,iPl,ux)- 

Next consider £ 6 U fl 7?/ such that 7(£) _L imP^y. Thus for all x e L n Z7 we 

have (t(0,^) = MO.^Vz) = °- Hence 7(0 e (L n f/) x = IA + U 1 = 7 (L) + C7 1 
and consequently, since L + Ann(?7) is closed, £ £ L + Ann({7). We may write £ = 
/ + rj, I £ L, 77 £ Ann(C/). From £ £ U, rj £ Ann(C/) G U we infer Z e L(~)U and hence 
£ = Pz,£/(0 eimP(L). 

Summing up we have proved 7((imP i .c/) -1 ) C imP^y. Since imFj,^ is isotropic this 
implies imP LU = 7((imP L ;7)- L ). Thus \mP LU is a Lagrangian (in particular closed) 
subspace of U fl 7?/. 

From ( |6.29| ) it is now clear that imP^ is isomorphic to L fl U/L fl Ann(£7). □ 
7. Splittings of manifolds and the 77— invariant II 



For the proof of Theorem |5.9| , Lemma [5.2| was crucial. The proof of Lemma p^2] 



depends on the Scott- Wojciechowski theorem [4.1| . In this section we want to give proofs 



of Lemma [5]2] and Theorem [O] which are independent of the Scott- Wojciechowski 



theorem and which apply to all P £ Qi{A). We only use (a mild generalization of) 



Theorem |5.8| . Moreover, we derive generalizations of two results due to L. Nicolaescu 
26 ] . This in turn leads to a nicer version of the splitting formula for the 77-invariant 
which involves our version of the Maslov triple index. 

We first introduce a setting which slightly generalizes the one described in Section 
0. Let X be a compact Riemannian manifold with boundary OX — Y ]J Z, i.e. the 
boundary is a disjoint union of two (not necessarily connected) manifolds. We assume 
that in collars U = Uy and Uz we have D = 7y(J^ + A Y ) (resp. D = 7z(^ + A z )) an d 
that the ±i-eigenspaces of 7y (7^) acting on ker A Y (ker A z ) have the same dimension. 
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The latter does not follow as in section |2|; rather it is an assumption. We fix once 
and for all a Pz G Gi{Az). Then we can define the Calderon projector (relative to 
Pz) in Gy(Ay)- Write again A instead of Ay- It will be convenient to address Y, Z as 
boundary components although Y, Z are not assumed to be connected. 

The results of Sections @ to ||] generalize verbatim to this more general setting. 
Also Theorem [T8] applies to this setting since all proofs work locally in a collar of the 
separating hypersurface. The advantage of this setting is that it allows in particular to 
glue cylinders of the form [0, e] x N with different boundary conditions on the ends to 
a manifold. 

Lemma 7.1 (cf. [[24], Lemma 2.5]). Let M = [0,e] xN and D = ^(£ + A) as before. 
Moreover, let P,Q G Gr(A) and denote by Dpq be the operator obtained by imposing 
the boundary condition P at {0} x iV and I — Q at {e} x N. Then A G spec Dp q if 
and only if —X G specDgp. In particular, 

r](D PtQ ) = -rj(D QjP ), dimkerL>p Q = dim ker Z) Qi p. 



Proof. The proof is exactly the same as the proof of |2J, Lemma 2.5]. Namely, 
the isometry 



T : L 2 ([0, e],L 2 (E lN )) — L 2 ([0, e],L 2 {E\ N )), Tf(x) := 7 /(e 



x) 



maps the domain of Dpq onto the domain of -Dq,p and it anticommutes with D. Hence 
T*Dp^qT = —Dq p and we are done. □ 

Now let M be a Riemannian manifold with boundary containing a separating hy- 
persurface iV C (M \ dM). Let D be a Dirac operator as in Section ^ i.e. in a collar 
neighborhood [— e, e] x iV of N, D has the form D = j(4- + A) as in (^.1|). Moreover, we 
assume that the ±z-eigenspaces of 7 acting on ker A have the same dimension. Define 
M cut , M ± as in Section ||]. We assume that on the boundary components of (dM ± ) \ N 
self-adjoint boundary projections have been fixed once and for all. 

Lemma 7.2. For any P e Gr(A) we haverj{D, M)-rj(D P , M + )-rj(D!_p, M~) G Z. 

Proof. Denote by M5 ut the manifold with boundary obtained by removing [— e, e] x 
iV from M. As in Lemma [Tl] for P,QE Gt(A) we denote by r)(DpQ, [—e, e] x N) the 
77-invariant of the operator on [— e, e] x N obtained from D by imposing the boundary 
condition P at {— e} x N and the boundary condition J — Q at {e} x N. The modZ 
gluing formula for the ^-invariant ( |5.24| ) then implies 

7}(D,M) = v(D P+&{J _ P+) ,M^) +rj(D P+>P+ , [-e,e] x iV)modZ (7.1) 

for P + = P + (L) the Atiyah-Patodi-Singer projection with respect to a Lagrangian 



subspace L C ker A. One easily checks that ker Dp+ y p+ = {0}, hence Lemma 7.1 
implies 



r}(D P+>P+ , [-£,£] xN) = 0. 



(7.2) 
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Also by Lemma |7.1| 

V(D P+ , P , [s,0] x AO +rj(D PtP+ , [0,s] x N) 

= - dim ker {D P + tP , [-e, 0] x N) + - dim ker {D P>P + , [0, e] x N) (7.3) 
= dimkerp P)P+ , [0,e] x N) G Z. 

Plugging this into ( |7. 1| ) and applying again the modZ splitting formula for the rj- 
invariant we get 

M) = v(D P+S)(I _ P+) , M £ cut ) + ?j(D P+ , P , [s, 0]xN) + rj(D P>P+ , [0, e] x N) 
= rj(D P , M + ) + r/(D/_p, M~) modZ. 



(7.4) 



□ 



Lemma 7.3. Lemma |0| holds for all P , Pi e Gr(A). 



Proof. We freely use the notations of Lemma |5.2| and its proof. By Lemma |7.2| we 
have for all t 

v(DQ t1 M cut ) — 7}(Dq , M OTt ) 



(rj(D Qt , M cut ) - rj(D, M)) - (rj(D Qo , M cut ) - rj(D, M)) e Z. 



Hence 



CUt N 



and the assertion follows from Lemma 13.41 and Lemma 5.1 



(7.5) 

(7.6) 
□ 



Now we can prove the following considerable generalization of the splitting formula 
for the 77-invariant. In Theorem |5]9| we assumed that P G Gr^A). In the following 
theorem we only require P G Gr(A). 



Theorem 7.4. The statement of Theorem f>.9\ remains valid if P G Gr(A) and P t 
is a smooth path in Gr(A) from P to the Calderon projector. 



Proof. The proof is exactly the same as the one of Theorem |5.9| . One only has to 

□ 



invoke Lemma 17.31 instead of Lemma 5.2 



We next present generalizations of two results due to L. Nicolaescu [ |26|| . 

THEOREM 7.5. Let X be a manifold with boundary and D(t),a < t < b, a smooth 
family of Dirac operators. We assume that in a collar of the boundary D takes the form 
7(-jj + A{t)) as before. Let P(t) G Gv{A{t)) be a smooth family. Denote by Px(t) the 
Calderon projectors of D(t), and Lx{t) = im Px{t) the Cauchy data spaces. Then 

SF(D P{t) (t)) te[aM = Mas(P(t),P x (t)) teM = Mas(ker P(t), L x (t)) teM] . 

Note that 7 is assumed to be constant. This is essential. Note that in |14[ Theorem 
4.3] the collar of dX was parametrized as (— e, 0] x dX. Their formula is obtained by 
invoking Corollary 6.7. 
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Proof. We first consider the case P(t) G Gr 00 (A(t)). Since Dp x t t )(t) is invertible, 



its spectral flow vanishes. We apply Lemma |3.4j , Theorem [4.4| , (|6.5[) , and Theorem |T6 
to calculate 

SF(Dp( t )(t)) te [ 0jb ] = SF(Z)p( f )(i)) te [ 0j6 ] - SF(Dp x ( t )(i)) t6 [ ai6 ] 

= v(Dp(b)(b)) - v(D Px(b) (b)) - v(Dp(a)(a)) + v(D Px[a) (a)) 

~ J j t {v(D P(t) (t)) - 7j(D Px{t) (t)))dt 
= itrlog($(P(6))$(P x (&)*)) - itrlog($(P(a))$(P x (a)*)) 

= - wind($(P(t))$(Px(t))*) teM = Mas(P(t),Px(t)) t6 [«,6]. 

Now suppose that P(t) is arbitrary. Choose smooth paths Po(t) in Gr(A(0)) and 
P(t) G Gr(A(l)) such that P (0) G Gr^O)), P (l) = P(0),P a (0) = P(l),Pi(l) G 
Groo(y4(l)) and such that 

dim(kerP (i) n imP x (0)) and dim(kerPi(t) n imP x (l)) (7.7) 

are independent of t. The existence of Pq, P\ follows from Lemma |6.1| by considering 
$(P(j))$(Px(j))*, j = 0, 1. In view of ( |7.7| ) and Lemma |2.3| the dimension of the ker- 
nels of Pp o (i)(0) and Pp 1 ( t )(l) are constant and hence the spectral flow of Pp o (t)(0) and 
Pp 1 ( t )(l) vanishes. We may therefore compose the paths Pp o (i)(0), Dp( t ){t), Ppi(^) with- 
out changing the spectral flow. Also Mas(P (t), Px(0)) = Mas(Pi(t), Px(l)) = in view 
of (|7. 7] ) . In sum, without loss of generality we may assume that the family P(t) satis- 
fies P(0) G Gr^^O)), P(l) G Gr oc (A(l)). Now consider the path $(P(t))$(P x (t))* in 
^Fred- In view of Lemma ^Tl] this path is homotopic rel endpoints to a path f(t) G 
Putting P(t) := ^(/(^(Pxit))) G Gr oc (A(t)) we see that (P(t), P x (t)) is homotopic 
rel endpoints to the path (P(t), Px(t)). Since homotopies with fixed endpoints neither 
change the spectral flow nor the Maslov index we find 

SF(P PW (t)) tGM = SF(D P{t) (t)) teM = Mas(P(t),P x (t)) teM 
= Mas(P(t),P x (t)) te 

[o,6] • 

□ 

We also give a generalization of Nicolaescu's theorem for closed manifolds. The 
result in the following form was first proven in [|Tj3 . 



Theorem 7.6. Let M be a split manifold as in Section^ and let D(t), a < t < b, be 
a smooth path of Dirac type operators such that in a collar of the separating hyper surf ace 
we have D(t) = + A(t)). Then 

SF(D(t)) te[aM = Mas 7 (P A/ -(t),J - P M+ {t))te[a,b] = Mas(L M -(t), L M+ (t)) te[aM . 

Proof. Corollary |5\6| states that 

SFp(t)) teM = SF(iJ J _p lf+(t) (i) l Jir) t6M . (7.8) 
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Applying Theorem [7.5| to the right hand side of ( |7.8| ) and using Corollary |CT7] yields 

SF( J D / _p M+(i) (t),M-) teM = Mas_ 7 (/-P M +(t),P A/ -(t)) teM 

= Mas 7 (P M - (t), I - PM+(t))te[a,b]i 
finishing the proof. □ 



Notice that the proof of Theorem |7.6| does not rely on Theorem |5.9| , and in particular 
does not use the result of 0. 



Finally, we state the following nicer version of the gluing formula for the ^-invariant. 
We emphasize that the term r M (J — Pm_, P, Pm+), which was defined in Subsection |5T2] , 
is an integer invariant which is defined completely in terms of the Hermitian symplectic 
structure on L 2 (E\ N ). 

Theorem 7.7. In the situation of Theorem let P E Gr(A). Then 
V(D, M) = ?f(D P , M+) + rj(Di_ P , M~) - r„(I - P M _,P, P M+ ). 

Proof. We note again that / — P M - — Pm+ is trace class (cf. the proof of Theorem 
5.10 ). Thus I — Pm- — Pm+ is compact and hence the triple index r M (J — P M - , P, Pm+) 
is well-defined for any P 6 Gi{A). 

Let P t , < t < 1, be a smooth path in Gr(A) from P to the Calderon projector 
Pm+- Notice that Mas 7 (I — P M -, Pm+) = since I — P M - and P M + are constant paths. 
From Theorem [7.4| , Theorem |7.5| , ( |6.21p , Corollary ^7^, and Proposition |6.11| we infer 

rj(D, M) - ?j(D P , M+) - TjiDj-p, M~) 
= SF(D Pt , M + ) t6[0 , 1] + SF(P / _ Pt , M~ 
= Mas 7 (P i? P M +)te[o,i] + Mas_ 7 (J - P t , P M -)te[o,i) 

= Mas 7 (P i , P M +)te[o,i] + Mas 7 (7 - P M - , P t )te[o,i] - Mas 7 (J - P M -, P M +)te[o,i] 
= r M (J - P M - , Pm+, Pm+) ~ r M (J - P M _ , P, P M+ ) 

= -T fl (I-P M _,P,P 1 



□ 



8. Adiabatic stretching and applications to the Atiyah-Patodi-Singer 

p-invariant 

For the purpose of computation, one weakness of the splitting formulas of Theorems 
x9| , p,10| , and ^T7\ is that it is difficult in practice to identify the Calderon projector. 



In many applications it is more convenient to work with the Atiyah-Patodi-Singer 
projection P + (L), or at least some finite rank perturbation of P + (L), as a boundary 
condition. According to Theorem f).9\ this requires knowing the spectral flow of D Pt 



and P/-p t along a path P t starting at the Calderon projector and ending at P + (L). 
A natural choice of such a path is the path obtained by stretching the collar neigh- 



borhood of the separating surface. According to a theorem of Nicolaescu [|26|| , the 
Calderon projector limits to a projection of the form P >u + proj L , where P >u is the 
projection to the span of the eigenvectors of A with eigenvalues greater than v and 
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L is a Lagrangian subspace of the (finite-dimensional) span of eigenvectors of A with 
eigenvalues in the range [— u, v\. The number v is the non-resonance level |26| of D 
acting on M + and in particular is zero if and only if there are no L 2 solutions to Dip = 
on the manifold obtained from M + by adding an infinite collar. If v = 0, then the limit 
of the Calderon projector is an Atiyah-Patodi-Singer projection P + (V) for a particular 
Lagrangian V C ker A. 

This approach works particularly well to study the odd signature operator and 
the Atiyah-Patodi-Singer p a invariant H, since the effect of the Riemannian metric is 
minimized in this important case. We present the details. The approach can be made to 
work for arbitrary Dirac operators as well, however additional correction terms appear 
corresponding to the 1-parameter family of operators acting on M and as the collar 
of the separating hypersurface is stretched to infinity. We will make some comments 
about the case of general Dirac operators at the end of this section. 



8.1. The odd signature operator. Let X be a compact manifold of dimension 
2n + 1, with (possibly empty) boundary dX 2n . Assume a collar of dX is isometric to 
[0,e) x dX. Let a : vri(A) —> U(n) be a representation. To a one can assign a flat 
vector bundle, that is, a C n bundle E — > X together with a flat connection B on E 
so that the holonomy representation of B is equal to a. If dX is non-empty, we may 
assume, by gauge transforming B if necessary, that B is in temporal gauge on the collar, 
in other words there is a flat U{n) connection h on E\q X so that the restriction of B to 
the collar [0,£:) x OX is of the form 

B[o, £ )xdx = q*{b), 

where q : [0,e) x dX — > dX is the projection to the second factor. 

Let d B : Q p {X;E) -> Q P+1 {X;E) and d b : QP{dX;E ]dx ) -> Q p+1 (dX; E\ dx ) denote 
the associated coupled DeRham operators. Note that d\ and d\ are zero since B and 
b are flat. The cohomology of the complex (Q*(X; E),d B ) (resp. (Q*(dX; E\g X ), d b )) 
is identified via the DeRham theorem with the singular cohomology H*(X; C") (resp. 
H*(dX;C™)) } where C™ denotes the local coefficient system determined by the repre- 
sentation a. 

The odd signature operator on X coupled to the flat connection B is the operator 

D B : © n 2p (X; E) -> © {l 2p (X; E) 

p p 

defined by 

D B {f3) = i n+1 {-l) p -\*d B -d B *){f3) for PeQ 2p (X;E), 

where * : fl k (X; E) — > Vt 2n+l ~ k (X] E) denotes the Hodge * operator (see |2[). 

The operator D B is a symmetric Dirac operator. Its square is the twisted Laplacian 
acting on even bundle-valued forms: 

D B = d* B d B + d B d* B . 
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In particular Dg is self-adjoint if X has empty boundary and in that case its kernel 
can be identified with the twisted cohomology group (B p H 2p (X; C") by the Hodge and 
DeRham theorems. This implies that the dimension of the kernel of Db is independent 
of the choice of Riemannian metric if X is closed. 
Define a restriction map 

r : © n 2p (X; £')—>■© n k (dX; E\ ax ) 

p k 

by the formula 

r(/?) =<*(/?) +<*(*/?) 
where % : dX X denotes the inclusion of the boundary. 

To avoid confusion we denote the Hodge * operator on the boundary by *, thus 

* : Q k (dX; E\ ax ) - fi"(<9X; E ]9X ). 



We use * to define 
by 



7 : ®n h (dX;E ldx ) - © Q k (dX; E\ dx ) 



k 



709) 



i n+1 (-l) n -H (3 if /3 e fi 2 « +1 (9X; £, ax ). 
Finally, we define the operator 

A 6 : ©fi fc (9X;f?| ax ) -> ©fi fe (9X;E| 9x ) 

k k 



by 



■(d b * + *d b )p iil3e® k ti 2k {dX-E m ), 
(d b * + *d b )[3 ii/3e@ k n 2k+1 (dX-E\ dx ). 
The following facts are routine to verify. 

1. A b is a self-adjoint Dirac operator on dX. 

2. r induces an identification $ : © p Q 2p ([0, e) x dX; E) ^ C oo ( y [0,e),® k Q k (dX; E)) 
which is isometric with respect to the L 2 -structures. Moreover, 

$D B $* = >y(£ +A b ), (8.1) 

where x denotes the collar coordinate. 

3. jA b = -A b j. 

4. 7 2 = -/. 

5. A b reverses the parity of forms. 

6. A b d b = —d b A b and A b d\ = —d* h A b , where d\ = —*d b * is the L 2 -adjoint of d b . 

7. A\ preserves the subspace Q k (dX; E\q X ) for each k, and equals the twisted Lapla- 
cian on fc-forms, A 2 = A b = d b dl + dld b . 

8. The kernel of A b equals ker A\ = ker A&, which is identified using the Hodge theo- 
rem with the DeRham cohomology of the complex (Q k (dX; E\q X ), d b ). The DeR- 
ham isomorphism identifies the DeRham cohomology with twisted cohomology 
H*(dX; C"), where a : iridX — > U(n) C GL(C n ) is the holonomy representation 
of the flat connection b. 
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The first 5 facts do not depend on B being a flat connection, and hold for any U (n) 
connection in temporal gauge near the boundary. The last three depend on b being flat. 

For convenience we simplify the notation as follows. Let Q x en denote © p fi 2p (X; E) 
and let flg X denote ©fcf2 fc (<9X; E\q X ). The L 2 completion of Qq X will be denoted by 
L 2 (Qq X ). We will often drop the subscripts U B" and "6" and, for example, write D for 
Db, A for Ab, and d for d# or d&. 

The self-adjoint operator A induces a spectral decomposition of L 2 (flg X ). We denote 
the /z-eigenspace of A by F M . Given v > we will also use the notation 

F+ = span L2 {Vv | Aip^ = /i^, \i > v} = © E M 

fJ,>V 

F~ = span i2 {^ M | Atp^ = // < -v) = © Ep, 

H<—v 

Et= © Ep, 

0<fi<v 



and 



E~ = © Ep. 

-i/<fi<0 



Thus E~ is the finite-dimensional span of the eigenvectors of A with eigenvalues 
(jl in the range — v < ji < 0, F+ corresponds to the range 0</i<z/(ifz/ = 0, 
then E^ = 0). Similarly F~ is the infinite-dimensional space spanned by eigenvectors 
with eigenvalues \i satisfying \i < —v, and F+ corresponds to // > u. In particular 
Fq denotes the positive eigenspan and F ~ the negative eigenspan of A. This gives an 
orthogonal decomposition 

L 2 (% x ) = F~ © E~ © ker A © F+ © F+. (8.2) 

Another orthogonal decomposition of L 2 (Q 9X ) is the Hodge decomposition: 

L 2 (VL* ax ) = imd©ker A©imd*. (8.3) 



We introduce a notational convention: the decomposition |87| is compatible with the 
operators d, d* in the sense that we have decompositions of domains: 

m = {K n m) e K ® ^ e W n »(«0), 

^(d*) = (F" n 0(d*)) © £?" © ker A © F+ © (F+ n 0(d*)- 

Note that F~ © ker A © F+ consists of smooth sections hence (F~ © ker A © F+) fl 
f^(d) fl ^(d*) = E~ © kerA © F+. By slight abuse of notation we will write in the 
sequel d w (F±) for the image of d w on Ff n ^(d<*>). 

The relations between the decompositions ( |8.2| ) and (|8.3| ) are summarized in the 
following useful lemma. 

Lemma 8.1. 

1. d(F±) C F? and d*(F±) C F*. 

2. F+ = d(F-) © d*(F~) = (ker d : F+ -> F~) © (kerd* : F+ -> F~). 

3. F" = d(F+) © d*(F+) = (ker d : F~ - F+) © (kerd* : F" - F+). 

4. d(F_ M ) C F M and d*(F_ M ) C Ep, and for // ^ 0, F M = d(F_ M ) © d*(F_ M ). 

5. 7(ker d) = kerd* and 7(kerd*) = kerd. 
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Proof. If A/3 = /i/3, then Ad/3 = -dA/3 = -fid/3, and similarly Ad*j3 = -fid*/3. 
This proves the first assertion and the first part of the fourth assertion. 

If (3 G Fj~, then (3 is orthogonal to ker A, since the decomposition ( |S.2|) is orthogonal. 
Since the decomposition (|8.3| ) is also orthogonal, (3 has the orthogonal decomposition 
(3 = dr + d*a. Write t = r_ + r + E F~ © F+, and similarly o = ct_ + a + . Then 

(3 = dr^ + dr + + d*a~ + d*a + . 

Since (3 G Fj~, the first assertion implies that dr + = = d*o~ + , so that (3 = dr_ + d*a_. 
The second assertion follows from this and the consequence d(F~ © Fj~) = ker d : 
F~ © — > F~ © of the DeRham theorem. The third assertion is proved similarly, 
as is the second part of the fourth assertion. 

The last assertion follows from the identity d* = —id* and the fact that 7 equals * 
up to a non-zero constant. □ 

Of particular concern will be the symplectic structure on ker A. The isomorphism 
7 preserves ker A, satisfies 7 2 = —I, and acts with signature zero, since (dX, A) 
bounds (X, D). Therefore ker A is a finite-dimensional Hermitian symplectic subspace 

ofL 2 (n* 9X ). 

Notice that the restrictions of ( , ), 7, and ui to ker A induce these structures on the 
cohomology H*(dX; C") via the Hodge and DeRham isomorphisms. The inner product 
( , ) and complex structure 7 depend on the choice of Riemannian metric on dX, but 
the symplectic structure u does not: if fii G ker A is a p-form and $2 G ker A is a 2n — p 
form, then 



(3 2 ) = (A, 7 (/3 2 )> =i r (3i A (3 2 (8.5) 

Jax 

where the constant i r depends only on p and n (and we have suppressed the notation for 
the inner product in the flat C n bundle E\q X ). Since wedge products and cup products 
correspond via the DeRham isomorphism, u coincides with the cup product up to a 
power of i, and in particular is a homotopy invariant. To put this differently, The cup 
product, together with the standard [/(n)-invariant Hermitian inner product on C n , 
induces a skew-hermitian form 

u : H*{dX;C n ) x H*{dX;C n ) -> C, w (/?!,&) =f(ftUft) n [dX] 

which is a homotopy invariant of the pair (dX,a\gx)- Fixing a Riemannian metric on 
dX induces a positive definite Hermitian inner product and an isomorphism 7 on ker A. 
The Hodge and DeRham theorems define an isomorphism ker A — > H*(dX; C") which 
takes the form (x, 7(2/)) to the form u(x,y). 

The following lemma collects some useful information about symplectic subspaces 
and symplectic reduction. For more details about symplectic reduction in this setting 
the reader should consult Section B73I and 112 611 . 



Lemma 8.2. 

1. Let S C L 2 (Qq X ) be a closed subspace satisfying j{S) _L S. Then S © j(S) is 
a Hermitian symplectic subspace of L 2 (Qq X ), and S is a Lagrangian subspace of 
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2. If v > 0, then F~ ffi F+, E~ ffi E+ , E~ © ker A © E+ , and d{E±) © d*{E^) are 
Hermitian symplectic subspaces of L 2 (Vt* dx ). 

3. Given a Lagrangian subspace L C L 2 (Qg X ) so that (L, F ~) form a Fredholm pair 
of subspaces, then 

ML) . = Ln (F- ffi E- a ) ker A ggj c ffi ^ ^ ffi 

l n ^ 

zs a Lagrangian subspace, called the symplectic reduction of L with respect to 

Proof. 1. Notice that 7 preserves 5 © 7(5'). Let K±i denote the ±i eigenspaces 
of 7 acting on S © 7(5'). It is easy to check that since 7(5) is orthogonal to 5, the 
projections 5 ©7(5) — > K±i restrict to isomorphisms on 5. Thus the ±i eigenspaces of 
7 on 5 ©7(5) have the same dimension (or are both infinite). This shows that 5 ©7(5) 
is a symplectic subspace of L 2 (Qq X ). Clearly 5 is a Lagrangian subspace of 5 © 7(5). 

2. For F~ © F+, take 5 = F~ and apply the first assertion. For E~ © E+, 
take S = E~. For d{E±) © d*(E*), take 5 = d(E±); then 7 (5) = *S = *d{E±) = 
*d(*E^) = d*(E^). That ker A is symplectic was discussed above; hence the direct 
sum E~ © ker A © E+ is symplectic. 

3. We apply Proposition |6.12| with U = F~ © E~ © ker A © £+. We have Ann(C/) = 
F~ and [/ fl7?7 = ©ker A®E+. Since (L, F ~) form a Fredholm pair and F ~ / F~ is 
finite-dimensional, also (L, Ann(C/)) = (L,F~) is Fredholm. Consequently L + Ann(?7) 
is closed and we reach the desired conclusion using Proposition |6.12| . □ 

In preparation for what follows we define the following enlargements of X. Given 
r > define 

X r = ([-r,0] x8X)UX 

and 

Xoo = ((-oo,0] x dX)UX. 

Thus X r has a collar of length r attached to X and Xoo is obtained from X by attaching 
an infinitely long collar. Equation flS.ip can be used on the collar to define a natural 
extension of D to X r and X^. 

The key to identifying the adiabatic limit of the Calderon projector is the following 
result. 

Proposition 8.3. Suppose that the boundary of X is non-empty, and suppose that 
(3 e QT n satisfies D(3 = and r((3) e F ffi ker A = span{^ M | yU < 0}. Then d(3 = 0, 
d(*/3) = 0, andd(r{/3)) = 0. 

Proof. Naturality of the exterior derivative implies that d(i*(z)) = i*(dz) for any 
z G fl x . It suffices, therefore, to show that d/3 = and d(*(3) = 0, since r(/3) = 
i*(/3) + z*(*/3) and hence 



d(r(p)) = d(i*(/3) + i*(*p)) = i*{d(3 + d * 0) = 0. 
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Following [[[J, since D(3 = and r(/3) G Fq © kerA, /3 has a Fourier expansion on 
the collar [0,e) x <9X of the form 

P\[0,e)xdX = c M e "^^ + k > ( 8 - 7 ) 

where k G ker A, x G [0, e), and ^ M G Equation |0] can be used to extend (3 to a 
bounded form on so that the extension still satisfies D(3 = 0. 

Notice that dk = since /c G kerA and k is independent of the collar parameter. 
Thus df3 decays exponentially on the infinite collar (— oo, 0] x OX. Write (3 = ^2 fop- 
Then 



(d*(3 2p , *d/3 2 (p-i)) L *(n* Xr ) = ± / d * (3 2p A (h(p-i) 

= ± / d(*p 2p A dj3 2 (p-x)) 



= ± / i*(*/3 2p ) A r(d/3 2 (p_i)). 

The last step follows from Stokes's theorem. As r increases to infinity, the last integral 
converges to zero since *j3 2p is bounded on X^ and rf/5 2 ( p -i) exponentially decays. It 
follows that d* (3 2p and *<%( p _i) are orthogonal in L 2 (f2^"~ p-1 ' ) ). Now 

= Df3 = i n+l ^(-l) p (d * P 2p + *d/32(p-i)), 
p 

with this sum expressed as a sum of homogeneous components. Thus d * (3 2p and 
*df3 2 ( p -i) both vanish for each p, and therefore <i * (3 and both vanish. □ 



As an application of Proposition |8.3| we can identify the limiting values of extended 
L 2 solutions of D(3 = in the sense of [ij. Recall that this is the subspace of ker^l 
defined by 

V - ih there exists a f 3 G fi ^ Gn with D P = \ (R R\ 

a ~ I and r{(3) = /_ + jfe G F ~ © ker A /' 



The terminology is justified by the Fourier expansion ( |8.7| ). In light of the unique 
continuation property for D (which says that for each £ G Lx there exists a unique j3 
with D(3 = and r(/3) = I), it is easy to see that V a has the alternative description as 
a symplectic reduction: 

V a = M L X )= Lxn ^ n Z^ A) ^erA. (8.9) 

L X II -T 

Equation (|8.9| ) says that is the symplectic reduction of the Cauchy data space 
L x with respect to subspace F ~. Using Lemma ^]2| it follows that V a is a Lagrangian 
subspace of ker A. 
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The kernel of A is identified via the Hodge and DeRham theorems with the coho- 
mology H*(dX,C™)- The next result identifies V a . 

Corollary 8.4. The space V a of limiting values of extended L 2 solutions to 
Df3 = on Xoo is identified via the Hodge and DeRham theorems with the image of the 
cohomology of X in the cohomology of dX (with local coefficients in the corresponding 
flatC n bundle): 

V a = imi* : H*{X; C") -> H*(dX; C n a ). 

Proof. Proposition g]3] shows that if @ e ^^ en satisfies Df3 = and r{0) E 
F Q ©ker A, then (3 and */3 are closed forms. Thus they represent classes in H*(X; C"). 
Since r{0) = i*(/3) + i*(*/3), it follows that r(/3) is a closed form on dX representing 
a class in imi* : H*(X;C™) — > H*(dX;C™). The identification of cohomology with 
harmonic forms takes [r(/3)] = [/_ + k] to k and so 

V a C imz* : H*(X; C n a ) ^*(9X; C£). 

The space Vq, is a Lagrangian subspace, as is imi* : if*(X;C^;) — >■ H*(dX;C™) by a 
standard argument using Poincare duality. Since any two Lagrangian subspaces of a 
finite-dimensional symplectic vector space have the same dimension, V a = imi*. □ 



It follows from Lemma 8T that E^- = d(E^) © d*(E^), and so the decomposition 
S72| can be refined to 

L 2 (Q* 9X ) = F~ © d(E+) © d*(E+) © ker A © d{E~) © d\E~) © F+. (8.10) 

The terms in this decomposition are arranged according to increasing eigenvalues. We 
will find it convenient to rewrite this in a different order, as a symplectic direct sum of 
symplectic subspaces: 

L 2 (Q* dx ) = [F~ © F+) © (d(E+) © d*{E~)) © (d*(E+) © d{E~)) © ker A. (8.11) 

We will refer to the decomposition ( |3.11| ) frequently. Notice that F~ ©F+ is infinite- 
dimensional and the other three symplectic summands in this decomposition have finite 
dimension. 



There exists a v > so that the Cauchy data space Lx of D is transverse to F~ . 
This is because L x H -F _ is finite-dimensional, and as v increases, L x H Fj" decreases 
to zero. Nicolaescu calls the smallest such v the non-resonance level for D. 

We can now state and prove a theorem identifying the limit of the Calderon projec- 
tors of D acting on X r as r goes to infinity. Denote by L r x the Cauchy data space (i.e. 
the image of the Calderon projector) of D acting on X r = ([— r, 0] x dX) U X. 

Theorem 8.5. Let X be an odd-dimensional manifold with boundary and D the 
odd signature operator coupled to a flat connection B acting on X as above. Let v > 
be any number greater than or equal to the non-resonance level for D. 

Then there exists a subspace 

W a C d{E+) C Fq 
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isomorphic to the image of 

H evcn (X, dX; C") -> H cvcn (X; C") 

so that if denotes the orthogonal complement of W a in d(E^), then with respect 
to the decomposition (|8.11j) of L 2 (Vt* dx ) into symplectic subspaces, the adiabatic limit of 
the Cauchy data spaces decomposes as a direct sum of Lagrangian subspaces: 

lim L r x = F+ © (W a © i(Wt)) © d(E-) © V a . (8.12) 

r^oo 

where V a C ker A = H*(dX; C") denotes tfie maje of H*{X; C") -> F*(<9X; C£). 

Proof. Lemma |S.2| shows that the finite-dimensional vector space E~ ©ker A©F+ 
is a symplectic subspace of L 2 (fig X ). 

Let R U (L X ) C F~ © ker A © £7+ be the symplectic reduction of L x with respect to 
the isotropic subspace F~ as in Lemma |8T2| : 

L x n (F~ © F~ © ker A © F+) 



x, 



L x n F- 

= Pr°Wei«r ( L * n ® ^ © ker A © F+)) . 
Then R u (Lx) is a Lagrangian subspace of E~ © ker A © F+. 
Nicolaescu's theorem [|26|, Theorem 4.9] says 

lim L r x = ( lim e^F^Lx)) © F+ (8.13) 

r— >oo \r— »oo / 

(The sign in the exponent e rA differs from ||26|| because in that paper the collar of X r is 
parameterized as dX x [0, r].) Thus we need only to identify the limit of e rA R v {Lx)- To 
help with the rest of the argument the reader should observe that the dynamics of e rA 
favor the vectors with a non-zero component in eigenspaces corresponding to positive 
eigenvalues. 

Let \i\ < fi2 < • • • < denote the complete list of eigenvalues of A in the range 
[ — is, v\. Thus 

F~ © ker A © F+ = F Ml © F M2 © ■ ■ • © E^ q . 
Given £ £ R u (Lx), we use this decomposition to write 

e = (i 1 ,e 2 , ■■■,£ q ). 

Let n(£) denote the largest /ij so that £{ is non-zero (and hence £ ll (t,)+\ = ■ ■ ■ = £ q = 
0). Then 

f rA I 1 

r— «xj 

This shows that 

lim e rA R v {L x ) = L w © L M © • • ■ © L C F Ml © F M2 © ■ • ■ © F 

where 

£ w = P r °js Mj (Ru(Lx) n (F Ml © • ■ ■ © F M J) 

= proj^ (L x n (F- © F M1 © • ■ ■ © F M J) . (8.14) 



hm e rA I ) = (0, 0, ■ ■ • , 0, £^,0, ■ • • , 0). 
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Write 

L~ = © L H C E~, 

Atj<0 



and 

so that 
Set 



L° = © L M . C ker A, 



lim e rA R v {L x ) = L~ © L° © L + C © ker A © £+. 

r— >oo 

W Q := L". (8.15) 



Lemma 8.6. 

1. £ Q = 

2. The spaces 

(a) W Q = L- ; 

(b) the image of H even (X, dX; C") -> H cvcn (X; C™) ; 

(c) Lx H F ~ ; and 

(d) the L 2 solutions of Dx = on I ro 
are all isomorphic. 

3. L" C d{E+). 



Assuming these three facts, the rest of the proof of Theorem |8.5| is completed as 
follows. 

Note that W a C d(E+) C d(E+)®d*(E+) = E~ . We define W£ to be the orthogonal 
complement of W a in d(E+). Since 

W a © L + = L~ © L + c £T © = © d*(E+)) © (d(E~) © d*(E~)) 

is a Lagrangian subspace (obtained by modding out L° and ker A), it follows from 



Lemma |8JJ that 

L+ = d(E~) © 7 (W^) C d(E-) © cT(^), 
completing the proof of Theorem [8]5]. □ 



Proof of Lemma 3.6. The first assertion follows immediately by comparing Equa- 



tions 8.S and 3.14 



For the second assertion, Equation ( 8.14|) shows that if m G L , there exists a fii < 
and an 

i = (/, i^lya • • • > e (^7 ®^©^®-e £ w ) n L x 

with m = This sets up an identification of L~ with F _ D Lx- The unique continu- 
ation property identifies this (via the restriction map r) with the kernel of D with P>o 
boundary conditions, which, by Proposition |0] and Equation (with k = 0), is the 



same as the space of L 2 harmonic forms in f23f en - The space of L 2 harmonic p-forms is 
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shown to be isomorphic to the image of H P (X, dX; C") — > H P (X; C") in ffl, Proposition 
4.9]. 

The third assertion also follows, since if £ = r((3), then Proposition |8.3| says d£ = 
d(r((3)) = 0. But 

= d£ = df + dl^ + di^ + ■■■ + dl^ 

and since d(E /1 ) C E_^, 

= d£ u . = dm. 

Hence (since fa < 0) 

m e ker{d : £ w -> = d(£_ w ) C 

completing the proof of Lemma |8.6| □ 

Remark 8.7. Notice that denotes the orthogonal complement to W a in the 
finite-dimensional space d(E^), not in L 2 (Qq X ). 

We adopt the following notation in the rest of this section to deal with boundary 
conditions. Given a manifold with boundary X, the odd signature operator D = Db 
coupled to a flat connection B on X as above, and a Lagrangian subspace L G Jzfpredj 
then let rj(D, X; L) denote the //-invariant of the Dirac operator D with boundary 
conditions given by the orthogonal projection to L. Thus, 

ri(D,X;L):= V (D pioiL ,X) 

in the previous notation. The same notation applies to the reduced 77-invariant rj. 

In a similar manner, given appropriate Lagrangian subspaces L, M, Nofa Hermitian 
symplectic Hilbert space we will use t m (L, M, N) to denote the triple index of the 
corresponding projections ^(proji, proj M , projjv) (cf. Section |6T2|). 

Suppose that B and B' are flat connections on X in temporal gauge near dX such 
that the holonomy representations a, a 1 : ttiX — > U(n) of B,B' are conjugate. Then 
there exists a gauge transformation g so that on a collar [0, e) x dX, g = 7r*(/i) for a 
gauge transformation h on dX satisfying B' = g-B. Hence the restrictions b, b' of B, B' 
to the boundary satisfy b' = h ■ b. We have 

D B > = D gB = gD B g~ x , 

and 

A b , = A hb = hA b h-\ 

In particular, h takes the positive (resp. negative) eigenspan of A b to the positive 
(resp. negative) eigenspan of A b >, and gives an isomorphism ker A b — > ker Aj/ which 
coincides via the Hodge and DeRham theorems with the isomorphism H*(dX; C") — > 
H*(dX;C™,) induced by conjugating the holonomies a, a'. Thus if K C kei A b is a 
Lagrangian subspace, the A-eigenspace of Db with F^ib) © K boundary conditions is 
sent by g to the A-eigenspace of D B ' with F^(b') © h(K) boundary conditions. 

Since any representation a : niX — > £7 (n) is the holonomy representation of a flat 
connection S, we conclude that given a representation a and a Lagrangian subspace 
K C if*(<9X;C™) (recall that the symplectic structure u on H*(dX;C™) is defined 
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by the cup product), the quantity t](D,X;Fq © K) is unambiguously defined, i.e. it 
is independent of the choice of flat connection B in temporal gauge with holonomy 
conjugate to a, and the Lagrangian in ker/1;, corresponding to K via the Hodge and 
DeRham theorems is well defined. Of course t](D, X; © K) may depend on the 
choice of Riemannian metric on X. 



We can now turn to the splitting problem for the ^-invariant of the odd signature 
operator. As in earlier sections suppose that M = M + U M~ is a closed manifold 
decomposed into 2 submanifolds along a separating hypersurface N. Assume that iV 
has a neighborhood isometric to iV x [—1, 1]. Suppose that B is a flat connection on 
M in temporal gauge oniVx [—1, 1]. 

As we have seen, because the outward normal for M + is the inward normal for M~ , 
the operators 7 and A for M~ are related to those for M + by a change in signs. This 
has the following consequences. First, whereas the conclusion of Theorem |8.5| identifies 
the limit of the Cauchy data spaces L r M+ of D acting on M+, lim L r M+ as 

r — >oo 

F+ © (W+, a © 7 (^+,J) © d ( E ») © ( 8 - 16 ) 
(in the decomposition flS.lip ) for W +<a C d(E+) C F^ a space isomorphic to the image 

im(# cven (M + , 8M + - C") -> H even (M + ; C£)) 
and V +!a C ker A a space isomorphic to 

im(F even (M + ; CI) -> H even (N; Q)). 
For M~ the conclusion is that lim L\ ,_ is 

F- © © ( 7 (^J © W-, a ) © F_ >a , (8.17) 

where W_^ a C d(E~) C Fq 1 " is isomorphic to the image 

im(iF ven (M-, dM~) O -> H cvcn (M~; C^)) 

and VL a C ker A is a space isomorphic to 

im(H even (M-; C") -> H cven {N; <C£)). 

(We assume that 1/ has been chosen greater than or equal to the non-resonance level 
for D acting on both M + and M~ .) 

Theorem [7.7| calculates the ?7-invariant of D acting on M in terms of the 77-invariants 
of D on M + and M~ . Take P to be the Atiyah-Patodi-Singer boundary projection 
P = P + (V) for some Lagrangian subspace V C ker A. Then Theorem [7.7| says 

17(23, M) = rj(D, M + ; 7 © F+) + rf(D, AT; F ~ © j(V)) 

-T,(I-P M -,P+(V),P M+ ). 



(Recall that P M ± denotes the Calderon projectors onto the Cauchy data spaces L M ±.) 
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Theorem 8.8. Let D denote the odd signature operator coupled to aflat connection. 
For any Lagrangian subspace V C kerA, 

jj{D, M) = rf(D, M+; V © F+) + rj(D, M"; F " © j(V)) - r M ( 7 (V-, Q ), V, V +>a ), 

where r M (7(V_ ia ), V, V +<a ) refers to the triple index in the finite-dimensional space 
kerA = H*{N-C™). 

The triple index t a1 (7(1 / _ q ), V, V+ itx ) vanishes ifV = V +>a or V = 7 (y_ )a ) and so 

7){D, M) = 7){D, M+; V + , a © F + ) + rj(D, M~; F ~ © j(V + , a )) 
= rj(D, M+; 7 (VL, a ) © F+) + rj(D, M~; F © K_, a ). 

In particular, if H*(N, C") = ; then 

rf{D, M) = rf(D, M + ; F + ) + r/(-D, M"; F ~). 



The main advantage that Theorem |T8] has over Theorem |7.7| is that the Calderon 
projectors have been replaced by the Atiyah-Patodi-Singer projections. 

We postpone the proof of Theorem |S.8| until after two lemmas are in place. The 
basic idea is to apply Lemma |6.10| to the paths obtained by stretching the Cauchy data 
spaces to their adiabatic limits. 

Lemma 8.9. W +>a © W. )CX © (V+, a n is isomorphic to H even (M; C"). 

Proof. For each integer k let (twisted coefficients in are to be understood for 
all cohomology groups) 

Wl = mv{H k (M ± ,dM ± ) -> H h (M±)) = ker(i* : H k (M±) -> H k (N)) 

and let 

^± = im (4 : ^ fc (M ± ) -> H k (N)). 

Consider the map 

m k : H k (M + ) © H k (M~) -> # fe (iV), ^ fe (m + ,m_) = z+(m+) -i*(m_) 

in the Mayer- Vietoris sequence for M = M + M~. Then there is a short exact 
sequence 

-> © -> ker ¥*-£->y_J n K_ fc -> 0, (8.19) 

where /3(m + ,m_) = zj(m + ) = i^m-). Moreover, the Mayer- Vietoris sequence gives a 
short exact sequence 

-> coker tf* -1 -> # fc (M) -> ker ^ fc -> 0. (8.20) 

Thus 

dim# fc (M) = dim coker ^ k ~ l + dim(V k n 7*) + dim + dimW*. (8.21) 

Also 

dim coker tf*" 1 = dim H*' 1 (N) / (V}" 1 + V*~ l ) 

= dim# fc-1 (iV) - dim V^ 1 - dim + dim^ -1 n V* -1 ). 
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Combining flS.21| ) and ( |8.22j ) and summing up over k even one obtains 

dim H 2k (M) = ^ dim(V* n V k ) + ^ dim Wf + ^ dim 

(8.23) 

+ ^ dim F 2fc - x (iV) - dim Kf*" 1 " X] dim Vl k ~\ 

The symplectic space H*(N) decomposes as a symplectic sum H even (N) (BH odd (N) 
(one way to see this is to notice that * and hence 7 preserves the parity of a harmonic 
form since N is 2n-dimensional) . The Lagrangian subspace V* — 5^^+ decomposes 
accordingly into a sum of Lagrangian subspaces ®V+ k © V^ fc_1 . Hence dim(©V^ fc_1 ) = 
±dimiP dd (iV). Similarly dim(©V r _ 2fc_1 ) = § dimif odd (iV). Thus the last three terms in 
(|8~23|) cancel. Since W±, Q = @Wl k and V±, Q = ©K d fc 



dimiT ven (M) = dim(V +iQ n VL, a ) + dim + dimW/_, a , 
completing the proof of Lemma |8.9|. □ 



Lemma 8.10. Le£ V C ker A 6e a Lagrangian subspace. Let L r M± denote the Cauchy 
data space for D acting on = ([— r, 0] x JV) U M 1 * 1 w/ien r < 00 and let L^ ± fre i/te 
adiabatic limit lim L^,± which was identified in Theorem |S.5| . 

r-+oo 

1. T/ie dimension of the intersection L r M _ fl ^ s independent of r e [0, 00]. 

2. T/ie dimension of the intersection L r M _ fl (Fq 1- © 1/) is independent of r e [0, 00]. 

3. T/ie dimension of the intersection (Fq ®j(V))C\L r M+ is independent ofr G [0, 00]. 

4. t m (7(ls-).^©v;ls + ) = t m (7(vl^),v;v + ^). ' 

Proof. 1. For r < 00, the intersection L^ f _ fl L^ f+ is isomorphic to the kernel of 
Db acting on the closed manifold M r = M+ U M~ obtained by stretching the collar 
of N. But this kernel is a homotopy invariant, isomorphic to H cvcn (M; C"), and in 
particular its dimension is independent of r. 



To compute flL^+, we use Theorem |8.5|, or, more conveniently, its consequences 



T|) and ( ETT7D . These show that n L™ + = W +yQi © W_ >0 © (V +ja n V_, a ), which 



by Lemma |0| is also isomorphic to H even (M; C"). Notice that the full conclusion of 



Theorem |8.5| is used here. 

2. and 3. are proven by the same argument. We prove 3. From the definition of 
V+ )Q ( |3.9|) there is an exact sequence 

-> L M+ n F " -> L M+ n (F + ker A) -> V+ , Q -> 0. 

It follows easily that for any subspace V C ker A there is an exact sequence 

-> l m+ n f - -> l m+ n (F - + 7(1/)) -> n 7 (v) -> o. (8.24) 



Lemma |8^ identifies Lm+ H -F with the image 

H even {M + , dM + ; CI) -> H cven {M + ; <C£), 

and with H / +jQ ,. Thus the dimension of fl F ~ is independent of the length of 
the collar of M+. Corollary identifies V +>a with the image of H*(M + ;C™) -> 
/f*(<9M + ; C"), hence its intersection with 7(V) is independent of the length of the 
collar as well. Thus the middle term in the exact sequence (|8.24|) is isomorphic to 
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W +>a © (V +>a H 7(V)) and in particular its dimension is independent of the length of 
the collar; this shows that (F ~ © 7 00) ^ * s independent of r for r < oo. 
Now consider the case when r = oo. In the decomposition ( |S.11| ) of L 2 (Q* N ), 

F~ © 7 (y) = F~ © d(F+) © d*(F+) © 7 (V) 

and so using (|8.16|) shows that (F ~ © j(V)) R equals 

(F~ © d(F+) © cf (F+) © 7(F)) n (F+ © (WV © 7 (^J) © d(S-) © y +i J 

= iy + , Q e(7(i/)nv; ia ). 

Therefore, (F ~ © 7(F)) n equals to W +y0l © (V +ia n 7OO). 

4. It follows immediately from the definition that the triple index is addi- 
tive in the following sense: let H, H' be Hermitian symplectic Hilbert spaces and 
P,Q,R (resp. P',Q',R') be projections in Gr(Ff) (resp. Gr(iF)) such that the 
triple indices r^P, Q , R) , r^(P' ', Q' , R') are well-defined. Then the triple index of 
(P © P', Q © Q', R © F') is well-defined in the Hermitian symplectic Hilbert space 
H © H' and we have 

Tp(P © P', Q © Q', P © P') = t>(P, Q, P) + r M (P', Q', R'). 

In the decomposition (|8.11|) we have 

T (L£_) = 7 (p- © <«) © (7(^ )a ) © © y_, a ) 

= F+ © d*(E~) © (Wf ja © 7(W_,„)) © 7(^-,a), 
F+ © y = F+ © <f (F~) © d(F") © y and 

= F+ © (W+, a © 7 (^+, J) © d{E-) © y+, Q . 

Using the additivity of r M we see that r M (7(L^_), Fq" © V, L^ + ) equals 

r fl (F+, F+, F+) F - eFv+ + r^(d*(E-), d*(E~), W + , a © 7(^+, a ) W)e<W) 

+ r^(W^ a ) © W-, a , d(E~), d(P~)) d * (E + )ed ( E -) + ^(7(^-,a), V, V + , a ) kerA 



which equals r (U (7(y_ )Q! ), V, y+,«)ker^ by Proposition |6.11 



□ 



Proof of Theorem |8?8| . Combining Lemma |8.10| and Lemma |6.10| to the paths 
of Cauchy data spaces obtained by stretching the collars of to their adiabatic limit, 
we see that (switching from projection to Lagrangian notation) 

r M (i - p a/ -, p+(y), p m+ ) = rM L Z-l K © v, = rMV- ta ), y v+, a ). 

It then follows from Theorem [7]7] (and in particular (|3.18|) ) that 

rj{D, M) = rj(D B , M+; V © F+) + rj(D, M~\ F ~ © j(V)) - r /i ( 7 (y_, a ), y V+, a ). 
Proposition |6. 1 1| shows that Tn(y(V- >a ), V, V+ >a ) = if V = j(V- >a ) or V + , a . □ 
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Remark 8.11. The Riemannian metric on the separating hypersurface N enters 



into the formula of Theorem |8^ via the map 7 : ker A — > ker A, since 7 equals 
the Hodge-* operator up to a power of i. It follows that the correction term 
7)t(7(VL- )a ), V, V +j(X ) is not a homotopy invariant. In fact, suppose that varying the 
Riemannian metric moves the space 7(VL ja ) slightly (we use the Hodge and DeRham 
theorems to identify this as a subspace of the fixed space H*(N; C™)). Then by choosing 
V C H*(N; C") carefully so that 7(V_ jCf ) passes through V as the metric is varied one 
can change r M (7(VL a ), V, V +)(X ). 

To complete our analysis of the odd signature operator, we derive a formula which 
calculates rj(D, M) in terms of intrinsic invariants of the pieces and a "correction term" 
which only depends on finite-dimensional data, namely the subspaces V± )Q C ker A. 

First we define the analogue of the map <3> : Gr(A) — > ^{S^ of Equation ( |2.7| ) 
in the finite-dimensional space ker A. We use the Lagrangian notation, so that to any 
Lagrangian subspace K C ker A we assign the unitary map 

(j){K) : (<£ n ker A) -> n ker A) (8.25) 

by the formula 

AT= {ar + 0(ir)(:r) | x G (^ fl ker A) } . 

Theorem 8.12. For the odd signature operator D coupled to a flat connection B 
with holonomy a : 7T\M — > U(n) acting on a split manifold M = M + Un M~ , 

77 (A M) = rj(D, M + ; V +>a © P + ) + rj(D, M~; F © VI a ) 

+ dim(V + , a n K_, a ) - ^trlog(-0(y + , Q )0(y_, a )*). 



Remark 8.13. Corollary ^| implies that dim(l<+ ja fl VL jQ ,) depends only on the 
homotopy type of the triple (M, M + , M~) and the representation a : tt\M — > U(n). 



(8.26) 



Proof. Theorem implies that 

tj(D, M+; P+( 7 (VL a ))) = ?](-D, M+; P M+ ) 

+ ^trlog ($(P + ( 7 (V1, Q )))$(P M+ )*) 

and that 

JftA M + ; P+(V+, a )) = 7}(D, M+; P M+ ) 

+ ^trlog($(P + (K f , a ))$(P A/+ )*)- 

Subtracting (|8~27D from (ET26D yields 



rj(D, M + ; P + ( 7 (VL a ))) = v(D, M+; P+(V +jQ )) 

+ JLfa log ($(P + (7(Vl a )))$(P A/+ r) - ^trlog ($(P + (V; )Q ))<1>(P M+ )*). 
The difference 

^-trlog($(P + ( 7 (y-, a )))$(PM + )*)-^trlog ($(P + (K + , a ))$(P M+ )*) 
is equal to 

T- M (P + (K,, a ),P + ( 7 (Vl, Q )),P M+ )- 1 i-trlog ($(P + (\/ + , Q ))$(P + (7(^, a )))*) 



(8.27) 



(8.28) 



^-INVARIANT, MASLOV INDEX, AND SPECTRAL FLOW 55 

by Lemma |6.9| . Moreover, it follows easily from the definitions that 

trlog ($(P + (V +i J)$(P + ( 7 (U_, Q )))*) = trlog (0(V + , a )0( 7 (V_, a ))*), 
and since (j)(j(V)) = — 4>(V), that 

trlog (0(F +>a )0( 7 (y_, a ))*) = trlog ( - <f>(V +>a )<f>(V^ a )*). 
Hence ( |S.28|) reduces to 



5.29) 



rj(D, M+; P + ( 7 (V1 Q ))) = r}(D, M+; P+(V + , a )) 

+ r„(P + (V + , a ), P+( 7 (V_, a )), Pu+) - trlog ( - 0(V + , a )0(y_, a )*). 
We will show that 

r,(P + (V + , a ), P+( 7 (V_, a )), P M+ ) = dim(V + , Q n 7_, a ). (8.30) 

Assuming ( 8.30|) , the proof of Theorem |8.12| is completed by combining ( p.29| ) and 
Theorem |8~g| , taking V = j(V- i0l ). 

It remains, therefore, to prove ( |B.3U| ). The proof is similar to the proof of Theorem 
P[ Lemma |8.10| implies that as the collar of M + is stretched to its adiabatic limit, the 
dimension of the intersection of L r M+ with P + © V +>a is independent of r G [0, oo], as is 
the dimension of the intersection of L r M+ with P + © j(V-. )0l ). 

Lemma |6.10| then implies that r M (P + (V r +ja ), P + ( 7 (^_ )Q )), P A /+) is equal to 
T fi (P + (y +ta ), P + ( 7 (Vl iQ )), P^+)- Using additivity of the triple index with respect 
to the decomposition ( |S.11| ), the calculation of L^ I+ ( |3.16| ), and Proposition p. 11 
conclude that 



we 



r M (P + (U + , Q ), P+( 7 (V_, Q )), P A 7 + ) = r,(U + , a , j(V^ a ), 7+, a ). 
Proposition |6.11| then implies that 

^(^+, a , 7 (U_, a ), y+, a ) = dim(U + , a n U_, a ). 

□ 

It is convenient to introduce the following notation. 

Definition 8.14. Let (H,( , ), 7 ) be a finite-dimensional Hermitian symplectic 
space (cf. Def. [2.8|) . Define a function of pairs of Lagrangian subspaces 

m H : Jzf(P) x JS?(#) -> E 

by 

m ^(Vi W) = tr log(-0(F)0(W r )*) + dim(U n W) 

= 4 E lo ^- 

Aespec(-<£(V)0(W)*) 

A#-l 

Here </>(V) is the unitary map from the +i eigenspace Pj of 7 to the — z eigenspace P_» 
of 7 whose graph is V. (If P = then set m H (V,W) = 0.) Recall that V HW is 
isomorphic to the — 1-eigenspace of (j)(jV)(j)(W)* = —<f>(V)</>(W)* (cf. Lemma 
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The function m has been investigated before, the notation is taken from [Q. 
Given an even-dimensional Riemannian manifold (N, g) and a representation a : 
itiN —> U(n), define 

m(V+,V-,a,g) = m H * {N . C n ) (V+, V-), 

where we have used the Hodge Theorem (and hence the metric g on N) to identify 
H*(N; C") with ker A (so that 7 and hence <fi make sense). 

Thus Theorem |S.12j says that 

7j{D, M) = rj(D, M+; V + )Q © F +) + rj(D, M"; F " © VI Q ) 

1 1 (o.olj 

+ 2 dim(y +)Q n VL a ) + 2 "i(V+, a , K-,a, a, g). 



Using ^-invariants instead of ^-invariants, ( |S.31| ) can be put in the more compact form 
V {D, M) = V (D, M+; V +>a © F + ) + V (D, M + - F ~ © V^ a ) + m{V +>a , V., a , a, g) (8.32) 



using Equation ( |8.24j ) and Lemma 

The function m^(V,W / ) has some useful properties which we list in the following 
proposition. 

Proposition 8.15. 

1. m H (W,V) = —m H (V, W). 

2. m ffieffa (Vi © V 2 , Wx © W 2 ) = rriH^Vt, W x ) + m H2 {V 2 , W 2 ). 

3. If h t : H — > H,t G [0, 1] a continuous family of symplectic automorphisms, 
then m,H{ht(V),h t (W)) is continuous in t. □ 

Proof. The first assertion follows immediately from the definition of mj. The 
second assertion is clear. For the third, notice that dim(h t (V) H h t (W)) is independent 
of t, and that the —1 eigenspace of — 4>(h t {V))(p(ht{W))* is isomorphic to h t (y)nh t (W). 
In particular the —1 eigenspace of — <p(ht(V))<j)(ht(W))* is constant dimensional, and so 
t 1 — > log(- (p(h t (y))(j)(ht(W))*) is continuous. These facts imply that m H (h t (V), h t (W)) 
is continuous in t. □ 



8.2. The Atiyah— Patodi— Singer p a — invariant for manifolds with bound- 
ary. We apply the previous results to obtain information about the Atiyah-Patodi- 
Singer p Q -invariant 0. Consider two flat connections: B with holonomy a, odd signa- 
ture operator Db and tangential operator Ab, and the trivial connection G on the bundle 
C n x X — ► X with (trivial) holonomy r, odd signature operator Dq, and tangential 
operator A$. 

In expressions like T](D, X; V © F + ) the notation F + is to be understood as the 
positive eigenspan of the tangential operator A of D and V as a Lagrangian in ker A. 
In particular, in a "mixed" expression like rj{D B , X; V a © F + ) — rj(D e , X; V T © ) the 
reader should understand that the first Fq~ refers to the positive eigenspan of Aj, and 
the second the positive eigenspan of A$. These are in general unrelated since A b acts 
on the bundle E\dX and A e acts on the trivial bundle. 
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Lemma 8.16. Let X be a Riemannian manifold with boundary, whose collar is iso- 
metric to [0, e) x dX . Let B be a flat connection on a compact manifold X in temporal 
gauge near the boundary with holonomy a, and let denote the trivial connection, with 
trivial holonomy t : 7Ti(X) — > U(n). 

Then the difference 

rj(D B , X; V a © F+) - T}(D e , X; V T © F+) (8.33) 

depends only on the diffeomorphism type of X , the conjugacy class of the holonomy 
representation of B and the restriction of the Riemannian metric to dX . 

Proof. We explained above why the ^-invariant depends on the flat connection B 
only through the conjugacy class of its holonomy representation. 

By taking the double of X we obtain a closed Riemannian manifold M = X U —X = 
M + U M~ over which the connections B and extend flatly. 

Letting Db denote the extension to M, we know from []2] that the difference 

r}(D B ,M)-r}(D e ,M) (8.34) 

is independent of the metric on M and depends only on the conjugacy class of the 
holonomy representation of B (see the paragraph following this proof). 
Theorem |8.8| shows that 

rj{D B , M) - ?j(D e , M) = 7}(D B , M + ; V a © F+) + rj(D B , AT; F © 7 (V a )) 

- rj(D e , M+; V T © F+) - rj(D e , M~; F © 7 (K))- 



Notice that by Corollary |8]^ the subspaces V a and V T are independent of the Rie- 
mannian metric on M + . Hence solving for rj(D B , M + ; V a ®F^) — 77 (-De, M + ; V T (BF^~) in 
yields an expression which is unchanged when the Riemannian metric is altered 



on the interior of X = M + . □ 

We can now extend the definition of the Atiyah-Patodi-Singer p Q -invariant to man- 
ifolds with boundary. Recall that the p Q -invariant is defined in for a closed manifold 
M and a representation a : 7rj(M) — > U{n) by 

p(M, a) — T)(D B ) — 7]{Dq) 

where B is a flat connection on M with holonomy a and denotes a trivial U(n) 
connection. It is a diffeomorphism invariant of the pair (M, [a]) where [a] denotes the 
conjugacy class of a. In terms of reduced ^-invariants p(M, a) can be written: 

p(M,a) = 2{rj{D B ) - rj(D e )) - dimkerD B + dimkerD e . 

Since ker D B is isomorphic to H even (M; C") this is the same as 

p(M, a) = 2(r}(D B , M) - rj(D e , M)) - dim H even {M; C^) + dim H even {M; C n ). (8.36) 

Definition 8.17. Given a triple (X,a,g), where 

1. X is a compact odd-dimensional manifold with boundary, 

2. a : 7Ti(X) — > Z7(n) is a representation, and 

3. g is a Riemannian metric on dX, 
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choose a Riemannian metric on X isometric to [0, e) x dX on a collar of OX and a flat 
connection B with holonomy a in temporal gauge near the boundary. Then define 

p(X, a, g) := V (D B , X, F+ © V a ) - V (D e , X, F+ © V T ). 

Reversing the orientation of X changes the sign of p(X, a, g), since the //-invariant 
changes sign when the orientation is reversed. 

In terms of reduced 7] invariants p(X, a, g) can be expressed as: 

p{X, a,g) = 2 (t}(D b , X, F+ © V a ) - 7j(D Q , X, F+ © V T )) - dim W a + dim W T , 

where 

W a im(H evcn (X, 8X; C n a ) -> H cven (X; C£)) 

and 

W T = im(# even (X, <9X; C") -> H cven (X; C n )). 

This is because the kernel of acting on X with boundary conditions given by 
the Atiyah-Patodi-Singer projection P + (V a ) is isomorphic to W a by Lemma |h>.6| and 
Equation ( [8.24D (with V = V +tCt ), and similarly for Dq. 

Lemma [8. 16| shows that p(X, a, g) is independent of the choice of Riemannian metric 
on the interior of X (as long as the metric is a product in some collar of the boundary) 
and the choice of flat connection B with holonomy a. 



We now can state the main result of this section. 

Theorem 8.18. Suppose the closed manifold M contains a hypersurface N sep- 
arating M into M + and M~ . Fix a Riemannian metric g on N. Suppose that 
a : vti(M) — > U(n) is a representation, and let t : tti(M) — > U(n) denote the triv- 
ial representation. 

Then 

p(M, a) = p(M + , a, g) + p(M~ , a, g) + m(y +>a , V_ a , a, g) - m(V +:T , V_ T , r, g). 



Proof. This follows by applying Equation (|8.32p to B and and subtracting. □ 

It can be shown that the invariants p(M ± , a, g) and m(V + , V_, a, g) depend in gen- 
eral on the choice of Riemannian metric g on the hypersurface N . We leave an an 
intriguing open problem to determine exactly how they depend on the metric g, and in 
particular, how these invariants change if g is replaced by the pulled-back metric f*(g) 
for a diffeomorphism f : N —> N. 



8.3. Relationship to Wall's non-additivity theorem. Theorems |8. 18| and |8. 12 



should be viewed as odd-dimensional counterparts of Wall's non-additivity theorem 



for the signature ||32|| . Indeed these theorems give formulas which express the "non- 
additivity of the signature defect" . The relationship between splitting theorems for the 
//-invariant and Wall non-additivity is explored in Bunke's article |§ and also in |]2( 



To clarify the relationship between Wall's theorem and Theorem |8.18| , consider the 



following situation. Suppose we are given two 4fc-dimensional manifolds Z + and Z~ 
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with dZ ± = M ± U N M°. Suppose that dM° = N and that Z = Z + U M o Z~. Finally 
suppose that a : niZ — ► U(n) is a representation and let r : -k\Z — > Z7(n) denote the 
trivial representation. The Atiyah-Patodi-Singer signature theorem |2|, Theorem 2.4] 
says that 

Sign T (Z) - Sign Q (Z) = p(M, a). 

Similarly Sign T (Z+) - Sign a (Z+) = p(M+ U M°,a) and Sign r (Z-) - Sign a (Z~) = 
p(— M° U M~, a). On the other hand Wall's theorem says that 

Sign Q (Z) = Sign a (Z + ) + Sign Q (Z") - a(V +>a , VL a , Vo, a , a), 

where a is a correction term which depends on the relative positions of the subspaces 
V +)0l ,V^ a and Vo, a in H*(N;C™). Similarly Sign r (Z) = Sign T (Z+) + Sign r (Z~) - 
a(V +)T ,V- tT ,V 0)T ,T). 
Hence 

&(V+, a , V-, a , Vo >a , a) - a(V +iT , V- jT , V 0lT , t) 

= Sign r (Z) - Sign r (Z+) - Sign T (Z-) 

- (Sign a (Z) - Sign a (Z + ) - Sign Q (Z~)) 
= p(M + UM~,a)- p(M + U M°, a) - p(-M° U M~,a) 
Applying Theorem |S.18| we see that ( |S.371 ) is equal to a a —a T , where 

a a := m(V+, a , V-, m a, g) - m(V +>a , Vo, a , a, g) - m(Vo, a , VL a , a, #) 

and 

3> := m(V +tT , V-, T , t, g) - m(V +jT , V 0>T , r, g) - m(V , T , V- >T , r, 

This motivates introducing the following notation. Given a Hermitian symplectic 
space H, define the function of triples of Lagrangian subspaces 

a H : Jzf (H) x Sf(H) x &(H) -> Z 

by 

a ff (V, W, [/) := m H (Vi W) + m H (W, C/) + m H (U, V). (8.38) 

By definition a a = 3W*(JV;Cs)(^+,cn V-,a, Vo,a) an d similarly for a T . That a H is an integer 
can be seen by exponentiating and using the multiplicativity of the determinant: 

exp(2vri a H (V,W,U)) 

= (exp(trlog(-0(F)0(W)*) +trlog(-0(W r )0([/)*) + tr log(-0(W(^)*)) 2 
= det ((-l) 3 0(\/)0(H/)*0(H/)0(f/)*0(f/)0(K)*) 2 ) 
= 1. 

Proposition 8.19. TTie function a H satisfies the following properties. 

1. Groen a permutation (3, a H {Vp(x), V P ( 2 ), V/3(3)) = sign(/3)a# (Vi, F 2 , 

2. a Hl eH 2 (^ © V 2 , PVx © W 2 , U x © C/ 2 ) = 3^(Vi, W x , U x ) + 3^ 2 (V 2 , W 2 , U 2 ). 
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3. If h : H —>■ H is a symplectic automorphism, then an{h(V), h(W), h(U)) = 
a H (V,W,U). 

4. Take H = C 2 with 7 = ^ ~^ . Then a H (C(l, 0), C(l, 1), C(0, 1)) = 1. 

Proof. The first and second assertions follow from the first and second assertions 
of Proposition p. 15 . 



For the third assertion, we first claim that the group Sp(H) of symplectic automor- 
phisms of H is path connected. To see this, fix a Lagrangian subspace V of H. The 
map Sp(H) — > ^f(H) taking g to g(V) is a fibration with fiber the subgroup Spv{H) 
consisting of those symplectic automorphisms which leave V invariant. Next, Spv(H) 
fibers over GL(V) by mapping g e Spv{H) to the restriction g\y. The fiber F of this 
map consists of those symplectic transformations g so that g restricts to the identity on 
V. Writing H — V © 7(V) it is easy to see that F consists of all matrices of the form 

I A 
I 

with A an arbitrary real matrix. Thus F is contractible, and since GL(V) is path 
connected, Spy{H) is also path connected. Finally, since Sp(H) fibers over the path 
connected space ^f(H) = U(n) with path connected fiber Spv(H), it is itself path 
connected. 

Choose a path ht from the identity matrix to h. The third assertion of Proposition 
j,15| shows that m H (h t (V), h t {W)) varies continuously in t. Thus the same is true of 



the integer-valued function t 1— > &H(ht(V),h t (W),h t (U)). Therefore this function is 
constant, completing the proof of the third assertion. 

To prove the last fact, Notice that C 2 = © ELj, where E{ is the span of (1, —i) 
and E_i is the span of It is easy to calculate that with respect to these bases, 

0(C(1, 0)) = 1, 0(C(1, 1)) = -i, and 0(C(0, 1)) = -1. 

Thus 

a H (C(l, 0), C(l, 1), C(0, 1)) = -£(tog(-l • <) + log("(-0 • + log(-(-l)(l))) 

= 1 

□ 



It follows from Proposition |8.19| and [ |T0| , Theorem 8.1] (suitably generalized to the 



complex Hermitian case) that an is equal to the Maslov triple index th defined in loc. 
cit. Therefore, gh depends only on the underlying symplectic form u(x,y) = (x,jy), 
and not on the Hermitian metric. In particular a a and a T are independent of the 
Riemannian metric on N. 

an and the Maslov triple index defined in Section ^]2| are (of course) intimately 
related, is, up to normalization, what Bunke || called the twisted Maslov triple 
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index. A direct calculation shows the following: 

a H {V, W, U) = -t^V, W, U) - r^V, W, U) - Tfl (V, 7 W, U) (8.39) 

- r M (y, W, jU) + dim(V f)W) + dim(W f]U)+ dim(V n U), 

r,(V, W,U) = - A (a H (V, W, U) - a H ( 7 V, W, U) - a H (V, jW, U) (8.40) 

- a H (V, W, jU) + 2 dim( 7 U nW) + 2 dim(W n 7 ?7) + 2 dim(V n 7 C/)) . 

Using Proposition 8.2 of loc. cit. we conclude that a a equals Wall's correction term 
<j(y +ja , VL a , Vo )Q ) and similarly a T equals cr(V r +jT , VL (T , Vo,r)- 

Using the argument outlined in pOU one can analyze Wall's theorem using Theorem 
S.12| as follows. 

In the context described above, the Atiyah-Patodi-Singer signature theorem states 
that 

Sign Q (Z) = n / L- V (D B ,M + UM-), 
Jz 

where L denotes the L-polynomial of the Riemannian curvature tensor on Z. Similarly 
one obtains formulas for Sign Q ,(Z ± ) 



Sign a (Z+) = n [ L- r](D B , M + U M c 
Jz+ 



and 



Sign Q (Z") =n f L- r](D B , -M° U M~). 

Jz+ 

Applying Theorem S.12| and using Lemma ^]9| as before, one obtains 

Sign Q (Z) - Sign Q (Z+) - Sign Q (Z") =a a + n( [ L- [ L - [ L). 

Jz J z+ J z- 

At this point one can invoke Wall's theorem and the identification of a a with Wall's 
correction term given above to conclude that the integrals cancel. (This is not immedi- 
ate since the Riemannian metrics on Z + and Z~ need to be in cylindrical form near the 
boundary to apply the Atiyah-Patodi-Singer theorem, but these do not glue to give a 
smooth metric on Z in cylindrical form near the boundary.) 

On the other hand, Wall's theorem can be proven by showing that the integrals 
cancel. This is discussed in | |20[ | and so one obtains an analytic proof of Wall's theorem. 

More importantly, Equation ( ^.38[ ) establishes a direct relationship between the 
correction terms a a and a T for the non-additivity of the signature to the correction 
term m(V+ >a , V-,a, ot, g) — m(V +)T , V- )T , r, g) for the non-additivity of the p invariant. 

8.4. Adiabatic stretching and general Dirac operators. Some of the pre- 
ceding exposition for the odd signature operator extends to the more general context 
of arbitrary Dirac operators, and we discuss aspects of this now. The new feature of 
this approach is that the role of adiabatic stretching in the splitting formula for the 
77-invariant is clarified. 

Suppose we are given an arbitrary Dirac operator D on a split manifold M = 
M + Ujv M~ . Assume as usual that D = 7(^7 + A) on a collar of N. Let M r denote 
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the manifold obtained by replacing the collar [—1,1] x N of N by the stretched collar 
[— r, r] x N. Thus M = M. Given < r < oo, let L r M ± denote the Cauchy data 
space of the operator D acting on Mf = M ± U ([— r, 0] x N), and let L^± denote the 



adiabatic limit lim L r M ±. Lemma 3.2 of [|i4|l states that the path [0, oo] — > Gi{A) given 

by r i— > L^ /± is continuous. 

We let denote the span of A-eigenvectors of A for ±A > u, and E^ the span of 
A-eigenvectors of A for < ±A < v, so that the L 2 -sections over N decompose as 



F~ © E~ © ker A © 



or, as a symplectic direct sum 

(F~ © F+) © (£~ © £+) © ker A. (8.41) 



Theorem 8.5 has a counterpart for general Dirac operators, but the conclusion is 



slightly weaker. The following theorem has a similar but simpler proof than Theorem 



J| It is implied by Theorem 6.5 of [14 



Theorem 8.20. Let V + c ker A denote the limiting values of extended L 2 solutions 
on M + , so V+ = proj keryl (L A /+ fl (F~ © ker A)). Let v > be a number in the non- 
resonance range of D, i.e. L M + fl F~ = 0. Then there exists a subspace W + C E~ 
isomorphic to the space of L 2 solutions to D/3 = on so that letting C E~ 
denote the orthogonal complement ofW + in E~ , 

Lm + = F+ © (W + © j{Wi)) © V + 
in the decomposition (8.41). Moreover, 7(L^ + ) fl Lm+ =0. □ 



Then we have the following theorem. 

THEOREM 8.21. With notation as above, for any r > 0, 

7f{D, MJ -rj(D, M+; L^ + ) - rj(D, M~; j{L% + )) 
= Mas(L^-_ , L^+) re [ r0jOO ] — Mas(L^-_ , L^- + ) rg [ r0jOO ] 

Remark 8.22. In light of Theorems [7^ and [T]6] the term Mas(L^-_, L^ f+ ) rg [ r . OO ] 



in Theorem |8.21| can be thought of as the spectral flow of the family of opera- 
tors on M obtained by stretching the collar from r to infinity. Similarly the term 
Mas(L^ f _, L'^ + ) re [ r . 0jOO ] can be thought of as the spectral flow of the family on ob- 
tained by using the projection to as boundary conditions and stretching the collar 
of M~ from r to infinity. 

Proof. We prove this for ro = 0, the general case is obtained by reparameterizing. 
Let P t denote the path of projections to the Cauchy data space L r M+ , where t = l/(r+l). 
Applying Theorem |5.9| and Proposition |5.1| to the path P t we see that rj(D,M ro ) — 
Tj{D,M+',L% + )-ri(D,M-n(L% + )) equals SF(D Pt , M+) + SF(Dj_ Pt , M~) m , which 
by Theorem equals 

Mas(P 4 , P M+ ) + Mas(P M -, I - P t ). (8.42) 
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Switching to Lagrangian notation and parameterizing by r instead of t we can rewrite 
(PI) as 

-Mas(7(L^ + ),L M +) re[0 , oo ] - Mas(L A/ -, L^ + ) re[0iOo] . (8.43) 

We use the homotopy invariance of the Maslov index to simplify these terms. Con- 
sider first Mas(j(L r M+ ), LM+)re[o,oo]- We will show this term vanishes. 

The path r i— > j(L r M+ ) is homotopic to the composite of r h ■y(L r M+ ) and the 
constant map at 7 (L^+), and the constant path at L M + is homotopic to the composite of 
r i— > L r M+ and its inverse. Since , j(L r M+ )nL r M+ = for all r, Mas(7(L^ f+ ), L r M+ ) = and 
so by path additivity of the Maslov index, Mas(7(L^-+), L M +) = — Mas(7(L^+), L r M+ ). 
Theorem |8.20| says that r y(L^ I+ ) fl L r M+ = for r = 0, but by reparameterizing we 
see that the intersection is zero for all r < oo; obviously ■y(L c ^ I+ ) fl L^ I+ = 0. Hence 
Mas( 7 (L- + ),LV + ) = and so 

Mas(-y(L r M+ ), L M+ ) re[0>oo] = 0. (8.44) 

Consider now the term M&s(L M - , L r M+ ) re [o j00 ]. The constant path at L M - is homo- 
topic to the composite of r i— > L r M _ and its inverse, and the path r i— > L r M+ is homotopic 
to its composite with the constant path at L^ + . Therefore, 

Mas(L M -,L r M+ ) = Mas(L r M _,L r M+ ) -Mas(L r M _,L- + ). (8.45) 

Substituting flO|) and (|8~45D into (g]4|) finishes the proof. □ 

We finish this article by outlining a few ways to use Theorem |8.21| to obtain other 



useful splitting formulas for the ^-invariant. We will not give an exhaustive list, but 
we note that many other useful formulas can be derived from these using the results of 
Sections g, ||], and One can, of course, obtain other formulas by reversing the roles 
of M + and M~ in Theorem |8.21| and in these examples. 



Example 8.23. Suppose that L~_ n = 0. Then there exists an r > so that 
L r M _ n L r M+ = and L r M _ fl = for all r > r . Applying Theorem fj.21| we see 
that if r > r then 

7f(D, M r ) = v(D, M + ; + rf(D, AT; l{L™ + )) 

= Tfp, M+; F+ © W + © 7 (W^) © V+) + rj(D, M~; F~ © © 7 (W+) © 7 (V+)). 

The hypothesis fl = is a technically simpler replacement of the hypothesis 
"no exponentially small eigenvalues" which appears in related results in the literature. 



Example 8.24. Suppose that D/3 = has no L 2 solutions on M+; i.e. that W + = 
in Theorem ggD[ Then L™+ =F + ®V + and so 

rj(D, M) - rj(D, M+; F + © V+) - r}(D, AT; F~ © j(V+)) 

= Mas(L r M -,F + © V + ) re i 0tOO ] - Mas(L r M - , L r M +) re[0j(Xl] . 

In other words, with respect to the Atiyah-Patodi-Singer boundary conditions given 
by the projection to F + © V + on M + and the projection to F~ © 7 (V+) on M~ , the 
failure of the additivity of the 77-invariants is measured by Mas(L^_ , F + © V+) re [o i0 o] — 
Mas(L^ f _, L r M+ ) re [ 0iOO -j. As remarked above this is the difference of the spectral flow of 
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D on M with F + © V + conditions as the collar of M is stretched to infinity, and the 
spectral flow of D on M as the collar is stretched to infinity. 

Example 8.25. We can combine the previous two examples as follows. Suppose 
that there are no L 2 solutions on and (i.e. W + = = WJ) and that the 
limiting values of extended L 2 solutions are transverse (i.e. V+ H V- = in ker A; this 
happens for example if ker A = 0). Then L^± = © V± and so both of the previous 
examples apply. 

Hence there exists an r > so that L r M _ R L r M+ = and L r M _ fl L^ I+ = for all 
r > r o- Therefore, 

7j{D, M) - rj(D, M+; F + © V+) - rf(D, M~; F~ © 7 (V r +)) 

= SF(D, M~; F + © V + ) re[0 , ro] - SF(D, M r ) re[0>ro] . 

This says that the failure of additivity of the ^-invariants with Atiyah-Patodi-Singer 
boundary conditions is measured by the difference of the spectral flow of D on M~ 
with F + © V + conditions as the length of the collar of M~ is stretched to r , and the 
spectral flow of D on M as the collar is stretched to r . 
In particular, if r > r , 

rj(D, M r ) = rj{D, M + ; F + © V+) + rj(D, M~; F~ © j(V+)). 

This last formula appears in Bunke's article [Q]. The reader should compare this formula 
with the formula of Theorem |8i| (with V = V+ >a ) which, by contrast, holds in complete 
generality for the odd signature operator. 



These examples, together with Theorem |8.20| , underscore the point that difficulties 
in establishing simple splitting formulas for the ^-invariant using Atiyah-Patodi-Singer 
boundary conditions arise from the existence of L 2 solutions on the two parts of the 
decomposition of M. To put this in a positive perspective, the failure of the additiv- 
ity of the //-invariant with Atiyah-Patodi-Singer boundary conditions is measured by 
the spectral flow terms discussed in Remark |3.22| and symplectic invariants of the La- 
grangian subspaces W± © y(W±) in the finite-dimensional symplectic space E~ © E+ 
consisting of the span of the /^-eigenvectors of A with —v < \i < u, fi ^ 0. In our 
analysis of the odd signature operator the formulas simplify because we can control 
these terms; the spectral flow terms vanish for topological reasons and the symplectic 
invariants of the Lagrangian subspaces W± © 7(W±) vanish because of the additional 



control on W± that Theorem |8.5| provides over Theorem |S.20| . 
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